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PREFACE. 



THE object of the following treatise is to present sim- 
ply and concisely the fundamental problems of the 
Calculus, their solution, and more common applications. 

Since variables are its characteristic quantities, the 
first fundamental problem of the Calculus is, To find the 
ratio of the rates of change of related variables. To ena- 
ble the learner most clearly to comprehend this problem, 
the author has employed the conception of rates, which 
affords finite differentials and the simplest demonstration 
of many principles. The problem of Differentiation hav- 
ing been clearly presented, a general method of its solu- 
tion is obtained by the use of limits. This order of 
development avoids the use of the indeterminate form -, 
and secures all the advantages of the differential nota- 
tion. Many principles are proved, both by the method 
of rates and that of limits, and thus each is made to 
throw light upon the other. 

In a final chapter, the method of infinitesimals is briefly 
presented; its underlying principles having been previ- 
ously established. I 

The chapter on Differentiation is followed by one on 
Integration; and in each, as throughout the work, there 
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are numerous practical problems in Geometry and Me- 
chanics, which serve to exhibit the power and use of 
the science, and to excite and keep alive the interest 
of the student. 

In writing this treatise, the works of the best Ameri- 
can, English, and French authors have been consulted; 
and from these sources the most of the examples and 
problems have been obtained. 

The author is indebted to Professors J. E. Oliver and 
J. McMaho:n of Cornell University, and Professor O. 
Root, Jr., of Hamilton College, for valuable suggestions; 
and to Messrs. J. S. Cushing & Co. for the typograph- 
ical excellence of the book. 

J. M. TAYLOR. 

Hamilton, N.Y., 
Nov., 1884. 
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Elements of the Calcelus. 




In the Calculus there are two binds of qaantitiea considered, 

variables and conxtanta. 

A Variable ia a quantity that is, or is conceived to be, con- 
tinunllj' cUunging in value. Variables are usually represented 
by the final letters of the alphabet, 

A Constant is a quantity whose value is fixed or invariable. 
Constants are usually represented by figures or the first letters 
of the alphabet. Particular values of variables are constants. 

In the Calculus the locna of an equation is conceived as traced 
by a moving point called the Generatrix. If a = Ob, the locus 
of 1:^+1^^=0,' is the circle abcd. Now, 
ae the generatrix traces this circle, its 
coordinates, x and j/, continually change 
in value, and are therefore variables ; 
while a retains the value on, and is 
therefore a constant. 
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2. Fnnctiotta and Independent Vari- 
ableB. One variable is a.fiinctimi of an- 
other, when the two are so related that 
tmy change of value in the second produces a change of value 
in the 6rst. 

For example, the area of a varying square is a function of 
its side ; the volume of a variable sphere ia a {hinction of its 
radius ; all mathematical expressions depending on x for their 
values, as aa?, bif+c^, sin a;, log a;, etc., are functions of x. 

An independent variahh is one to which any arbiti'ary value 
or law of change may be assigned ; as, x in a?'', x in sin x, etc. 
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The symbol /{(b) ia used to denote auy fuDction of x, and is 
retid "function of x." WLen several functionB of x occui' in 
the same investigation, we employ other symbols, as f'{x), 
F{x), ^(a:), etc., which are read "/ prime function of x," 
" Fflinction of a;," " <^ function of x" etc. According to tliis 
notation, y=/(.T) represeuta any equation between x and y, 
when solved for y. 

3. Algebraic and Traascendental Functions. — An ulijebraic 
function ia one that is expressed iu tL-rina of its variable or 
variables, by means of algebraic signa, without the use of 
variable exponents; as, oar' — 2 ear', ax' — x, etc. 

All functions not algebraic are called tranacenderUal. These 
are anb-dividcd 'nto expa e t' I I g itkmic, trigonometriCt and 
anti-lrigoiiome! 

An Exponential f n t on is one in which the variable entere 
the exponent ; as tt" ^ 

A Logarithnuo fnnct on a ne that involves the logarithm of 
a variable; aa log i log (/i-i-t.) 

The sine, cosine, tangent, etc., of a variable angle are called 
Trigonometrio functions. 

The symbol sin"'a;, read " anti-sine of x," denotes the angle 
whose sine is x. Sin-'a;, coa"'a;, tan-'j'. etc., are caUed Inverae 
nigonometric, or Anti-Tr^onometrio, functions. 

4, A variable is ContianonB. or wanes continuously, wiieu, iu 
passing from one value to another, it passes successively through 
alt intermediate values. 

A Contmsons function is one that is constantly real, and 
varies continuously, when its variable varies continuously. 
Some functions are continuous for all real values of their vari- 
ables, others only for those between certain limits. Thus, if 
y z= ax -\- b, or ^ = sin x, y ia evidently a continuous function of 
aj for all real values of x ; but, if y = ± Vi^ — ^,y\& continuons 
only for values of x between the limits — r and + r. 

The Calculus treats of variables and functions only between 
. their limits of continuity ; hence all the values of x and f{x) 
that it considers are represented geometrically by the coordi- 
nates of the points of the plane eui've whose equation ia >i=f{x). 
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Theory of LimitB. 

5. For couvenieuce of reference, we give here !i brief state- 
ment of the theory oflunita. 

The Limit* of a variable is a constant quantity which the 
vai'iable, iu nccordance witJi its law of change, ajiproaches 
indefinitely near, but which it never reaches. The vai'ialjie may 
be less or greater than ita limit. 

TLua, if the number of aiilea of a regular polygon inscribed 
in or circninscribed about a circle be indefinitely increased, 
the area of the circle will be the limit of the area of either 
polygon, and the circumference will be the limit of the peri- 
meter of either. Wtien the polygons are inat■ri^ed, the variable 
area and perimeter are less than their limits j and, when the poly- 
gons are circumscribed, the variable area and perimeter are 
greater than their limits. 

'By increasing the number of t«rms, the sum of the series, 
l-l-^-f-i-l-J-t- etc. , can be made to approach 2 aa nearly as we 
please, but it cannot reach 2 ; hence 2 is the limit of the sum. 

Again, if a point starting from a move the distance ac 
(=iAB) the first second, the dialance 

OD (=^cb) the second second, and so ^^ ^ ^ ^ 

on, AB will evidently be the limit of the ^ ^ 

line traced by this point. ' 

CoR. Thf- difference between a variable and its limit is a vari- 
able whose Um.U m zero. 

6. Ifttco variables are continually equal, and each approaches 
a limit, their limits are equal; tluit in, if x = y, and limit (x) 
= a, and limit (y) = b, a = b. 

For, since x=y, a — x=a — y; hence, as a ia the limit of at, it 
is also of y (§ 5, Cor.) . Since a and b each ia a, limit of y, and 
y cannot approach two nneqnal limita at the aame time, a = f). 

CoR. If one of two continually equal variables approachen a 
limit, the otfier approaches the same limit. 

•The sturicnt sliould carefully nolc tlie two Benses in which the word 
limit is usGcl. Id the tlieory of liinite, a Jimit ia a value wJiich the variable 
cannot reach ; in other tasea, as in § J, u limit ia the greatest or the least 
value which the variable actually reaches. 
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7. The limit of the product of a constant and a variable ia the 
product of the constanl and the limit of the variable; that ia, if 
limit (x) = a, limit (ex) = en. 

Lut v = a — x; 

tlieu cx= ca — cv. 

Now limit {cv) = 0, since limit (w) = ; 
heocc limit (ck) — limit (ea — cv) = ca. 

8. Tlie limit of the variable product of two or more variaMea 
is the product of their limits; that is, if limit (x) = a, and limit 
(y) = b, limit (xy) = ab. 

Let D = « — ai, and t', = & — i/ ; 

then x=a — v, and j/ = 6 — v,; 

.-. iry = oft — (awi+ bv — vv,) . 

Now limit («•«)+ bv -' ««,)•= ; 
lieuce limit (a^/) =^ limit [nfi — (aui-(- 



.,)]=«&. 



lu like manner, the theorem is proved for n 

8. The limit of the variable quotient of two variables 



I the 



quotient of their limits ; that is, if limit (x) = a, and limit (y)=b, 
limit (x -;- y) = (a -;- b) .+ 

Let 2 = ar -i- y, 

and c = limit (z) , or limit {x-i-y). 

Then x = ,va ; -■. a = i)C ; §§ G, 8. 

.■.limit(x^y)l=c-]^a^b. 

10. T^e ^imiJ o/(Ae variable sum of a finite nvmber of vari- 
ables is the sum of their limits ; that is, if limit (s) = a., limit 
(y) = b, limit{z) = c, etc., 

limit (x+y + z + ..-) = a + b-f c + "- 



r 



Let 

Tben 



= b — y, • 



, etc. 



= {a-}-b + c + -)-{v + Vi + Vi + -): 
.-.limit (a: + !/ + « + -") 

= limit[(ffl + 6 + tf + -)-0-+i-: + ^\.+ ---)] 
= a + b + .- + - 

• When V and »[ have unlike signs, the difierence, at:j + iw — i-l-[, may be-- 
ae zeru for particular values of r and v,, but it cannot remain zero, sinct 
is variable. The same ia true of the differcuee. r + f, + u, + ■■., in g 10. 
t This iirinclple does not liold when Ilie limit nt the divisor is xero. 
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CfiR. When tite product, quotient, or sam of two or more vari- 
ables is eqiiai to a constant, the product, quotient, or sum of their 
limits is equal to the same amstarU. 

11. The Change of a variable is Uniform, when its value 
changes equal amounts in eqnal arbitrary portions of time. Iti 
all other cases the change is variable. 

Thus, if from a toward b a point move j^—^ — ^— ^ — j~-^ — ^ 
equal clbtances, as Aa, ab, be. etc., in equal ^ ^ 

arbitrary portions of time, the increase of 

the line traced will be nniform. Again, if the motion of a point 
along a straight line be uniform, the change of each of its 
rectilinear coordinates will evidently be nniform. 

12. An Increment of a function or variable is the amount of 
its increase or decrease in any interval of time, and b found by 
subtiacting its value at the beginning of the interval from its 
value at the end. Hence, if a variable is increasing, its incre- 
ment is positive; and, if it is decreasing, its increment is 
negative. An increment of a variable is denoted by writing 
the letter A before it ; thna, Aj:. read -' iDcrement of x," is the 
8^\Tnhol for an increment of x. If y ^=_/'(x) , Ax and Ay repre- 
sent corresponding increments, that is, the increments of x and 
p in the same interval of time. 

Let ctpo be the locus of t/ =f{x) referred to the rectangular 
axes OT and ot. If. when x = 
Aa; = oB — OA = AB ; then 

Air = CF ; then Ay = fh — cd = - 
In the last case Ay is negative 
it is properly called an increment, '^*- '■ 

since it is what muHt be added to the first value to produce 
the second. 

13. The Differential of a function or variable at any value is 
what tcould be its increment in any interval of time, if at that 
value its chcaige became uniform. Hence, the differential of « 



:-mh. 
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variable is positive or negative, according as the 'variable i 
increasing or decreasing. The interval of time, thoogh arbitrary, 
must be the same for a function ns for it-a variable. 

If the change of a variable be uniform, any actual iucrement 
may evidently be taken as ita differential. 

The differential of a variable is represented by writing the 
letter d before it; thus, die, read "differential ic," is the symbol 
for the differential of x. When the symbol of a function is not 
a single letter, parentheses are naed; thus, d(3?) aiidd(:c'— 2x) 
denote the differentials of a? aud x^ — 2x. 




14. niuBtrationB of Differentials. Conceive a variable right 
triangle as generated by the perpendicular moving uniformly to 
the right. Let y represent ita area, x its 
base, and 2ax ita altitude; then y=as?. Let , 
BHbc Aa; estimated from the value AB( = a;'), 
then BHMC will be ^y. But, if the increase 
of the area became uniform at the value ajic, 
the increment of the area in the same time 
would evidentlj' be bhoc ; hence, bhoc and 
* " " BH may be taken as the diflerentials of y and 

*' "' X, when x = x'. But bhoc = 2 ax'dx, hence, 

in general, rfy[=d(a3r')]=2(WMto. l!a=\,y =3?, iai0idy=2xd^. 
Here Ay = dy-\- triangle com. 

The signification of dy-=2 ax'dse is evidently that, when 
x = x', )/, the area, is changing in units of surface 3cuc^ times as 
fast as X is in linear units. 

Again, let opn be the locua of y=f(x), referred to the axes 
ox and OT. Conceive the area between ox and 
the curve as traced by the ordinate of the cur\-e 
moving uniformly to the right. Let z repre- 
sent this area, and let ah be Ax estimated 
from the value oa(=m'); then abp'p = As, 
But, if the increase of 2 became uniform at tlie 
^' *■ value OAP, its increment in the same inteiTal 

would evidently be abdp ; hence ad and audp may be tt^en as 
the differentials of m and a respectively, when a; = x'. 
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Hence dz = abdp ^xpdx ^ y'dx ; or, in general, dz ^ r/dx, 
which evidently means that 2 is changing y times as fast as x. 

Area above the nxia of x being positive, area below it is 
negative ; hence, where the curve lies below the axis of x, the 
area decreases aa x increases, and ydx is negative as it should be. 

Here Az = rfz + area pdp'. 

15. The Inclination of a straight line referred to rectangular 
axes is the angle included between the axis of abseisaaa and the 
line. The direction of a line with respect to the axis of x is 
determined by its inclination. 

The Slope of a Ime is the tangent of its inclination. Thus, in 
Fig. 7, QZP is the inclination of za, and taniizpis theslopcof za. 

The direction of motion of the generatrix of a atTaiglit line is 
constant, while the direction of motion of the generatrix of 11 
cur\'e is fofiable. 

A Tai^ent to a curve at any point is the straight line that 
jias.^es through that [Kiint, and lias the aiune direction as the 
curve at that point ; or. a ttmgetit to a curve at any point is the 
straight line tliat the generatrix would trace, if ita direction of 
motion liecame constant at that point. The slope of a curve at 
any point ie the slope of its tangent at that 
point. Thus, if, in Pig. 7, pa is a tangent to 
the curve at f, tanHZA is the slope of the 
curve at p. 

16. Geometric Significatioii of -^. Let mn 

be the locus of y-=f(^x), and let x' be tlic 

abscissa of any point upon it, aa p. If at i- 

the motion of the generatrix of the cun-c !''«■ '• 

became uniform along the tangent pa, it ia 

evident that the change of each of ita cofirdiuates would also 

l>ec()me uniform. Hence pe, ea, and pa may be taken respec- 

tivelj- as tlie differentials of x, 7;, and the length of the curve, 

when x = x' ; for they are what would be the simultaneous 

increments of these variables, if the change of each became 

uniform at the value considered. Therefore -V- = — = tan epa 

dx PE 
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= taDHZA, which is the slope of the curve at p. Hence, in 



'Iv ;, 



f(s) at any point {x^ y) . 
great as pe, or dx, y is 



Cor. 1. If EA, or dy, be c timea 
evidently increaaing c times as fast us a;, when x = oi. 

Cob, 2. If s represent the length of the cnrve win, PA = ds, 
and rfs* = daT" + dy', in whieh rfs" denotfis the square of da. 

17. Limit of the Eatio of the Incrementa of y and x. 

Let mil be the locus ol T/=f[x). and ei>, a tangent at p. any 
point upon it ; then the slope of 

this tangent = ^ (§ 16). Let 

MN [= pc] = Ax, when estimated 

from tlie value om. then cv'=^y. 

Draw the secant pp' ; then 

= the alope of the eecont pp'. 

" ^ C'onceive Ax to approach as 
its limit; then the elope of the 
1 appi'oaiOi tlie slope of the tangent ns its limit.* 







Hence, the rati'i of tlie differential of a function to that of U» 
variable is the limit of ike ratio of their increments, as these iTicre- 
meTUs approach zero as their limit. 



It is evident that 



^, or "">.'» r^'l fe finite, except 
where the locus of y=f{x) ia parallel or perpendicular to the 
axis of a;, where it is or co. 

*Tliifl Bttttenienl, if not sufficiently evident, may be demonstrated as 
follows: When tbe arc pop' is cantinuous in curvature, and this arc can 
alway* be made bo small tliut it will be uontinuoua, thu alope of the secant 
pp" is equal lo the alope of h tangent to the are pap' at some point, aa a. 
Novr, aa tlie arc var' approaches zero as its limit, the poittt n approaehes p 
as its limiting pnaitton ; hence the slope of the secant pp' approaches the 
slope of the tangent vo as its limit. 

limit £!^ is read " the limit of =^ aa Ax approaches as ita limit-" 
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Cor. 2. If -^ be constant, the locus of y =/(«) is evidently 

a straight line, in which case -^ = ^. 

Aa? dx 

Cor. 3. A tangent to mn at p is evidently the limiting posi- 
tion of the secant pp' as p' approaches p and arc p'p = 0. 

The following is another proof of the important principle 
established above : — 

Second Proof.* Conceive the area between ox and the 
curve opn (Fig. 9) as traced by the ordinate 
of the curve moving to the right. Let z ^ 
represent this area, and let ab be Aic esti- 
mated from the value oa ; then dky = dp', and 

A2 = ABP'P. 
. Now ABDP < ABP'P < ABp'm ; ^ 

.*. y'Aa; < A? < (y'+ Ay)^. 
Dividing by Aa?, we have 

y<^<y+Ay. 

Az 
Whence — differs from y' less than y'+ Ay does ; but 




Ax 
limit 



fo^y'+^yl=y''>---L%[fJi- 



But 



Hence 



Ax 

dz , 
5S = 2^' 



§ 14. 



mit r^l ^ 
= ^[_AxJdx 



* This demonstration assumes that any function of x may be repre- 
sented graphically by the area between a curve and the axis of x. That 
many functions of x may be thus represented is very evident, and that any 
may be follows from § 67. 



CHAPTER 11. 

DIFFERENTIATION. 

18. Differentiation is the operation of finding the differential 
of a function. The sign of differentiation is d ; thus d in d(Qi^) 
indicates the operation of differentiating cc^, while the whole 
expression d(aj^) denotes the differential of ar^ (see § 13). 

To differentiate aoc^^ let y = aa^, and let x' and y* be any cor- 
responding values of x and y ; then 

y'^ax'\ • (1) 

Let Ace be any increment of x estimated from the value x\ 
and Ay the corresponding increment of y ; then 

y^-{- Ay = a(x'-^ Axy = ax^^ -f- 2ax'Ax + a{Axy. (2) 
Subtracting (1) from (2), we have 

Ay = 2 ax' Ax + a(Ax)\ or ^ = 2 a»'+ aAx. (3) 

Ax 

.*. ^ = 2 ax'^ or, in general, dy = 2 axdx, § 17. 

dx 

By this general method we could differentiate any other func- 
tion, but in practice it is more expedient to use the rules which 
we proceed to establish. 



Algrebraic Functions. 

19. The differential of the product of a constant and a vari- 
able is the product of the constant and the differential of the 
variable. 
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We are to prove that d {ay) = ady^ in which y is some fhnc- 
tion of X, Let u = ay, and let x' represent any value of x, and 
y' and w' the corresponding values of y and u ; then 

u'=ay', (1) 

Let Ax represent any increment of x, estimated from the value 
x', and let A^ and Au represent the corresponding increments 
of y and u ; then 

u'+Au = a{y'-^Ay) = ay'-{-aAy, (2) 

Subtracting (1) from (2), member from member, we have 

Au = aAy, 

, Au Av 

Ax Ax 



§§ 6, 7. 



. limit r^1— limit l^n^l^a. ^^^^^ f^l 

. du_ dy . -- 

Cut; aa; 

Hence, as x^ is any value of a;, we have in general, by multi- 
plying both members by da?, 

dw [= d (ay)] = adj^. 



Co.. .(f).. (1,)-?. 



20. 27ie differential of a constant is zero. 

This is evident, since the increment of a constant in any 
inter\'al of time is zero. 

21. The differential of a polynomial is the algebraic sum of 
the differentials of its several terms. 

We are to prove that d(v+2^— ^-Ha) = dy-f dy— d?, in which 
V, y, and z arc functions of x. 

Let ti = t;-f-y — 2; + a, and let a?' represent any value of a;, 

and v\ y\ z\ and u^ the corresponding values of v, y, 2, and u ; 

then 

w'=v'+y'-2;'+a. (1) 
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Let Ao? represent any increment of x, estimated from the value 
x'^ and Av^ Ay, Az, and Au the corresponding increments of v, 
y, z, and u ; then 

u^ ■^Au^v^ + Av + y^+Ay-'{z^+Az) + a. (2) 

Subtracting (1) from (2) we have 

Aw = Av + Ay — Az. 

' ' Ao; Aa; Aa; Ao; 

. limit r^1= limit f^ . ^_^'l. § 6 

••Aar=0[Aa;J ^^=OLAaj Aaj AajJ 

...^ = ^ + ^-^. §§10,17. 

dx dx dx dx 

Hence, as x' is any value of a?, we have in general 

dw[=c?(v + 2^ — 2 4- a)] =dv + dy — dz. 

22. The differential of the product of two variables is the first 
into the differential of the second^ plus the second into the differen- 
tial of the first. 

We are to prove that d (yz) = ydz + zdy, in which y and z are 
flinctions of x. 

Let u = yz, and let x' represent any value of oj, and y\ 2', and 
u' the corresponding values of y, 2, and u ; then 

u'=y'z'. (1) 

Let Aa; represent anj- increment of x estimated from the value 
»', and Ay, A2, and Au the corresponding increments of y, 2, 
and t^ ; then 

i^'4- Aw = (y|-f Ay) (2' 4- Az) 

= y '2' 4- y'A2; 4- z'Ay 4- AaiAy . (2) 

Subtracting (1) from (2) we have 

Au = y^Az + z*Ay + AzAy, 

Aa; Aa; Aa; 
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. limU r'^w'|_ limit [^■^~\. limit f^-i . A,\Ay"| 



dx dx dx 



ii 7, 8. 









1 



Hence, as x' is anj Taloe of Xj we have in general 

To obtain this resnlt geometricallj, let z and y represent the 
variaUe ahitnde and base of a rectangle 
conceired as generated by the side z moTing h 
to the ri^t, and the u^igier base y nxyrii^ ^ 
upward ; then zy = its area. 

If. at the Taloe dcba (F^. 10). dz = ah, 
and dy = cs, d (area) = ckfb + bgha ; since 
CEFB + BGBA IS efidentlT what would be the 
increment ci the area ci the rectai^le in 
the assumed intnraL if at the ralne dcba the increase €i its 
area became onif orm. 

Henee, (f(^) = d( area) ^czYB-f bgha ^zd^-f-^dz. 

Heie A(^) = d(^) + aG<v. 

83. T%e difirtutiril of iktt ffro^mi of amy mmmher ofxairi0M» 
is ike smm of ffte pmdmeU of ike dtfenmikd ofttaA imio all iJk^ 



We are Id prvyve that dfxysjf^yadx-^xidy-jr^fy^ in whkh 
y and 2 are fanctnoBft of x. 



Let m = jqr. then d4x>fi}=^ 4i mzy 

But d{wsL)i=^vim'>^mii 



%ti. 



.',d(xfi}=yaiX'&'Xoiy^jtfiz 

In a smilar ■aaiwr. tfe ticiwim 

an J Dombcr of laviia&ittw 



fluj Eiie 4nKMtra&efi fior 



14 DIFFERENTIATION. 

24. The differential of a fraction is the denominator into 
the differential of the numerator^ minus the numerator into the 
differential of the denominator^ divided by the square of the 
denominator. 

We are to prov^ that dfiA^ .^ , in which y and z are 

ftinctions of x, 

y 

Let w = -9 then uz = y. 
z ^ 

.',udz + zdu = dy, 

dy — -dz 
_ dy — udz z zdy — ydz 

,',du = — — = = 5 • 

z z sr 

ry J /«\ ^da — adx adx . , a *u i. • *i. 
Cor. c? ( - ) = = 5-, since aa = ; that is, the 

\xj Qir TT 

differential of a fraction with a constant numerator is minus the 
numerator into the differential of the denominator divided by 
the square of the denominator. 



25. The differential of a variable affected with any constant 
exponent is the product of the exponent^ the variable with its expo- 
nent diminished by one, and the differential of the variable. 

I. When the exponent is a positive integer. 

If 71 is a positive integer, cc** = aj ••« • a? to n factors ; hence 
we have 

d(af*) = d(x*x-xto n factors) 

= af^dx 4- x'^'^dx + etc. to n terms § 23. 

= naf^^dx. 

II. When the exponent is a positive fraction. 

Let y = xn^ then ?/" = af*. (1 ) 

Differentiating (1), we obtain 
ny'^'^dy = maf'Hx. 
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.\dy=s dx= -dx=z dx 

n ^~* w ^ n of* 

m — 1 
= — »» daj. 
n 

m. TFifecn f/ic exponent is negative. 

Let y = x'*j n being integral or fractional ; then 

05* 

Differentiating (1), we have 

dy= -^?^cte= -lur-^daj. f 24, Cor. 

or* 

For a proof of this theorem, which includes the case of in- 
commensurable exponents, see § 39, Yjl. 25. 

Assuming the binomial theorem, let the stodent prove this 
rule by the general method of differentiation. 

dx 



Cor. d(Vi) = \x~^dx=^ 



2V5 



26. The general symbol for the diflSsrential off{x) is/'(x)dx ; 
hence, if y =/(ap), dy =/'(x)dx. 

Examples. 
Differentiate 

d(«» + 8ar + 2a5*) = d(a:*) + d(8a:) + <l(2a:^), $ 21. 

d(iB») = 3a^djr, §25. 

d(8ar) = 8dx, f 19. 

d (2a:*) = 4xdr, SS 19. 25. 
.-. d (jc» + 8ar + 2a:*) = (3iK* + ^ + 4 ar) dx. 

2. jf=3aa:* — onap — 8ii». dy = (6ax — 5«)djr. 

dy = d(3aa?— 5iur— 8m) = d63aa:*)— d(5fur)— d(8m). 
[The differentials of equals are equal, and $ 21. T 
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3. /(aj) = 5aaj*-3yaj»-a6a^. 

f (x) dx= {10 ax ^9 Va^ - 4tdba?) das. 



5. y = aa?i + bxi 4- c. 

6. y'^2px. 

d{f) = d(2px). 

7. aY-^l^x^ = aV. 

8. /(a;) = (6-f aa^)l. 



/'(a?) da; = (15 Va^ + 35 c^a^) dx. 

dy^^^Lt^d^. 

2Vx 

dy^p^ 
dx y 

dy- ^dx. 

a^y 

f{x)dx = f (6 + (jux?)^axdx. 



9. 2/ = (l+2aj2)(i 4-4ar'). d^ = 4aj(l +3aj + 10«')da;. 

dy = (1 4- 2x')d(\ -f 4a;') +(1 +4a;»)cZ(l + 2a;*). 

-^ a; -fa* ^ 6 — a* 

10. t/ = — ■ 



x-\'h ^ {x-^hy 

^,j^ {x + h)d{x-^a^)-{x-\'a^)d{x-^h) _ 



dx. 



{x-\-by 



1. /W = 



a 



2. y = (a+ a;) Va — a;. 
2ar* 



3. /(a;) = 



O? — 7? 



f(x^dx=^ — ^^^^ — dx 
J ^xjuAc (j_2a;*)* 

dy= ^-^^ (to 

2Va — a; 



5- /(«) = ^Y^ 



/'(»)(to = 



X 

_ • 

a; 



/(«^) = 



(a«-a;*)« 

maf~^ 
(1-a;)-^^ 

1 



dx 



0. /(a;) = 



a;« 



7. 2^ = 



(1 - x-*)t 
a; 



(l-a;)Vr=^ 
ff(x) = — ?^ — 



Vl+a;* 



DEBIVATIVBS. 17 

18. 2 apy* — a^ = aj*. dy=: ^dx. 

4cxy — 2ay 

19. /(^) ^ 2^. , ^ 80^+60^ + 12^, 

•^^ '^ \x + 0^ •' ^ '^ (4SB + 0!')'' 

20. y= '^ 



a^ — a^ 



21. f(x)=y/ax-^V^'. /(a?)= ^ + ^^ . 

2V« 

22. ^!^ ^^ (to, 

•'^ ^ (l+a)* (1 + a?)' 

25. (aj-2y)(6-3a;) = (c-aj*)(l-y). 

__ 6 — 4a? + 6y — 2a^ 



da? 05*-— 6aj — c + 26 

27. An looreasing fanction is one that increases when its 
variable increases; hence it decreases when its variable de- 
creases. 

A Decreasiiig ftinction is one that decreases when its variable 
increases; hence it increases when its variable decreases. 

Thus, dx and a' are increasing, and - and a — x are decreasing 
functions of x. 

28. The Derivatiye of a function is the ratio of the differen- 
tial of the function to the differential of its variable. This ratio 
is sometimes called the derived function or the differential coefft- 
cient, Henqe the derivative of f{x) is /'(a), or the ratio of 
f'{x)dx to dx. The derivative of y with respect to a? is repre- 
sented by ^. If y =f(x) , then f^ = /' («) . Thus, if y = ar^, 

J (tX CIX 

-2 = 3a5« ; that is, 3 «* is the derivative of y, or a^ ; if f(x) = sfij 
dx 

thenf{x) = 6a^. 



oir»«" 



llSTi"' 



, /(«V 



. ftu^' 



. 1^'^' 



ulfc^ 






,-<.>»' 



r^'i* 



,-9l^- 



.«»•+ 



bx>-» 









i-(,«1''» 



• it' 



+o«n>»*"' 



,N„(1.+ 



o^>- 













DIFFERENTIATION. 

89. The Heasnre of the rate of ehauge of a variable at a 
given insljint is what -icould he its incremeut in a unit of time, 
if at that instant its change became umform. This measure 
of rate is geDerallj called the rate. Hence, the rate will be 
positive or negative, according as the variable is increasing 
or decreasing. Thus, when we say tbat the distance of a train 
from the station was changing, at a given instant, at the rate 
of -f-30 miles an hour, we mean that this distance would have 
increased thirtj' miles in au liour, if at that instant its increase 
had become unifonii. 

If tlie change of a variable ib uniform, the actual increment 
of the variable in a unit of time is the measure of its rate. 

30, Signification of -j-. Let / represent time ; tlien, any vari- 
able, as y, is evidently some function of t. Uince time changes 
uniformly, dt may represent any increment or interval of time. 
If dt equals the unit of time, then by definition dy equals the 
measure of the rate of chunge of r/ ; and, if <U is n times tlie nnit 
of time, dy is n times the rate of change of 1/ ; iience, whatever 

be the vaiue of dt, -^ =tke rate ofchinige u/y. 
dt 

31. Signification of /(a;), or J^. If 3/-/(x), ^=/(*)^i 

, ax at dt 

that is, /"(ic), or -^, = llie ratio of the rate of cbange of /(j;), or 
y, to that of ar. 

Hence, the derivative of a function expresses the ratio of the rate 
of cliange of the fimclion to HuU of its variable ; and a funcliov. 
is an increasing function or a decreasing one, according as its 
derivative is positive or negative. 

Cor. The same function of x may be an increasing function 
for some values of x, and a deci'casiug one for other values. 

Thus, since , the derivative of—, is + when x < 0, and 

ir ar 

— whenfi!>0, — is an increasing function when 3;<0, and 
a decreasing function when x > 0. 
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33. ^Vlien the cbtmge of y is nniform, it ia evident that — ^ 
ia the rate of change of y. WTien the change of y is variable, 
the value of — ^ evidently lies between the greatest and the least 
values of the rate of change of y during the time A( ; hence, the 
smaller Ai is taken, the nearer — approaches the rate of change 
of y at the beginning of dt. 

Hence, ^'/^ q — is the rate of change of »/ at the beginning 

"^o — is the ratio of the rate of change of y to 
Thug, nithout the aid of a locns, we see that 
'"■"" r^1 = ^, since each equals the ratio of the rate of 

cliauge of y to that of x. 



of A^ 

Hence. ''■"'' 
that of i 



Applicattons. 

1. The area of a circular plate of metal expanded by heat 
increases how many times as fast as its radius? If, when the 
radins is two inches, it is increasing at the rate of .01 inch a 
second, how faat is the area increasing at the same time? 

Let X := the radios, and y the area of the plate ; then y = ttx", 
.-. dy ^i irxdx ; that is, the area is increaeiog in square inches 
2itx times as fast as the radius is in linear inches. Let <ft= a 
second; then, when 3t= 2, (ir = .01 inch; .■.dy=2ir3;cij;=.04ir 
sq. in. ; that is, the area is increasing .OItt sq. in. a second at 
the instant considered. 

2. The volume of a spherical soap-bubble increases how many 
times OS fast as its radius? When its radius is 3 in., and is 
increasing at the rate of 2 In. a second, how fast ia its volume 
increasing ? 

Here dy = iiti)?dx : that is, the volume is increasing in cubic 
inches Air^ times as fast as the radius is ia linear inches. The 
volume is increasing T2)rcu. in. a second at the instant con- 
Bi(U>n-d. 
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3. A boy is running on a horizontiil plane iu a straight line 
towards the base of a tower 50 metres in height. He is 
approaching the top how many times as fast as he is the foot of 
the tower? How fast ia he approaching the top, when he is 500 
inotreB from the foot, and running at the rate of 21)0 metres a 
minute ? 

Let X and y respectively represent in metres the distances 
of the boy from the foot and the top of the tower ; then 
if = a?-i- (50)', etc. Ans. 199 metres a mimite. 

4, A light ia 4 metres above and directly over a etraiglit 
horizontal side-walk, on which a man If metres in height is 
walking away from the light. The farthest point of the man's 
shadow is moving how many times as fast as he is walking? 
The man's shadow is lengthening how many times as fast as he is 
walking ? How fast is the shadow lengthening, and its farthest 
P point moving, when the man is walking 

at the rate of 50 metres a minute? 

Let AE be the sidewalk, b the position 

of the light, and cd one position of the 

man. Let ae = y, and ag = a:; then 

y — a:;y: :-J: 4; .■.dy = ^dx. Again, 

= AC; thenj/ + a!:J/:L4:|; .■.dy = ^dx, 

s constantly equal to 
a changing how 

many times as fast as its altitude? If, when its altitude is 6 
metres, it ia increasing at the rate of 2 metres an hour, how 
fast is its volume increasing at the same instant? How fast is 
the entire surface increasing at the same instant? 

Ans. I TTt^ times, x being its altitude ; 54 ir kilolitres an 
honr ; S6 n- centiares an hour. 

6. The altitude of a varying frustum of a right cone ia con- 
stantly equal to the radius of its lower base, and the radius of 
its upper base is one-half that of its lower base. If, when the 
radius of its lower base is 4 metres, it is increasing at the rate 
of 2 metres an hour, how fast is the volume of the frustum 
increasing at the same instant? 



Fia. n. 
let y = CB, and a 

5. The altitude of a variable cylinder is 
the diameter of ita base. In general, its volume is 
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7. The ares of an equilateml triangle increaeos hew many 
times as fast as each of its sides? How fast is its ftrea jucreas- 
ing when each of its sides is 10 in,, and increasing at tlio lato 
of 3 in. a second? ^Vhatia the length of each of its siclas. whim 
its area is increasing in square inches 30 times as fast us nitcli 
of its sides is in linear inches? 

Atis. ISVS aq. in. a sooond ■ XOVa in. 

8. One end of a ladder 20 (t. long was on liie ground S ft. 
from the foundation of a building, which stood on a liorixontal 
plane, while the other end rested against the side of tlie liuiliU 
ing. The end on the ground was carried away from the build- 
ing on a line pcritendicular to it, at the uniform rate of 4 ft, a 
minute ; how fast did the other end begin to descend along tho 
building? How fnst was it descending at the end of two 
minutes? How farwaa tlie foot of the ladder from the building, 
when the top was descending at the rate of 4 ft. a iniuulo? 

^7is. 1.03+ ft. a minute; 3.42 ft. a minute; lOVa a. 

9. In the parabola whose parameter is 8, tho ordinate 
changes how many times as fast as the abscissa? What is its 
slope at any point (x, y) ? Find its inclination at the points 
whose common abscissa is ^, Is i/ an increasing or a docrons- 
ing function of x? At what points does tlie ordinate change 
iiumerically four times as fast as tho abscissa? 

In this case, u is a two-valued function ; and - is + or — , 

accoi'ding as j/ is + or — ; .', the + value of y iu an incnMisiiig, 
and the ~~ value a decreasing, function of ie, 

Ann. *: -: 68° 26' 6" and 116° 33' 54"; {i, 1) and (i, -I). 

V y 

10. In the ellipse a^ -\-hV = o?h^, the ordinate increases 
how many times as fast as the abscissa ? y changes how 
many times as fast as x at the extremities of the axes of the 
curve ? How can the points be found at which y changes c times 
as fast as k? What is the slope of the ellipse at any point? 
What, at the extremities of its axes? la y an increasing or a 
decreaaiug function of x? 



dx 
Wliei 



b^x 
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; .'. when 2/chaugesc times as fast as a;, 
, . ... . b'x . . 



.mi y Lav 



.. „. ^ „„^, ^ „„/e iiiilike signs, — is +, and 7/ is an 

increasing function ; when x and y have like signs, —-5- is — ■ 
antl y is a decreasing function. 

/ 11. Wliat is tlie sloiie or(/' = a;' + 23:' at (3:,y)? What is it 
Ans. ± ■ —' ■ - — ■ ±lB-yio, 

12. What is tlie sloiie ofi/ = ar' — a:^-fl at the point whose 
abscissaiaa? I? 0? -1? Ans. +8; +1; +0; +5. 

13. At what point on j' = 2iB'is the slope 3? At what point 
is the curve parallel to the axis of a;? Ans. (2, 4) ; (0, 0). 

14. At what angles does the Hue 3y — 'iz — 8 = cut the 
pariibola y- = 83;? 

Find their slopes at their points of intersection ; then find the 
anjrlea between the lines having these slopes. 

Ans. tan "'.2 and tan"'. 125. 

15. One sliip waa sailing south at the rate of 6 miles an honr ; 
another, east at the rate of 8 miles an hour. At 4 p.m. the 
second crossed the track of the first at a point where the first 
was two hoars before. How was the distance between the ships 
changing at 3 p.m. ? How at 5 p.m. ? When waa the distance 
between them not changing? 

Lett = the time in hours, reckoned from 4 p.m., time after 
4 P.M. being +. and time before — . Then 8( and ()t+ 12 will 
represent respectively the distances of the two ships from the 
point of intersection of their paths, distances south and east 
being -f-, and distances west and north being — . Let y = the 
distance between the ships ; then, 

,V^=(8()' + (6(+12)=. 
. dy^ lOOf + 72 



dt 



14t*-f (6f + 12)'3l 



(1) 
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When ^does not change, dy=0. .'.from (1), 100^+72=0; 
/. i= — .72 of 60 mmutes = — 43.2 minutes. Therefore, the 
distance between them was not changing at 43.2 minutes before 
4 P.M., or at 16.8 minutes after 3 p.m. 

Ans. Diminishing 2.8 miles an hour ; increasing 8.73. 

33. Velocity is the rate of change of the distance passed over 

by a moving body. Hence, if s = the distance and v = the 

ds 
velocity, v = — (§ 30). If the unit of s is one foot, and the 

dt 

ds 
unit of t one second, v = — ft. a second. 

dt 

Acceleration is the rate of change of velocity. 

dtj 
Hence, if a = acceleration, a = — (§ 30). 

dt 



Examples. 

1. If s = 2^, what is the velocity and acceleration? 

Here v = —- = 6 ^ ft. a second ; a = — = 12 ^ ft. a second : 

dt dt ' 

da 

and the rate of change of acceleration = — = 12 ft. a second. 

dt 

2. If 3^ = 32.17 ft., «=|^Ms the law of falling bodies in 

vacuo near the earth's surface ; find the velocity and accelera- 
tion in general, also at the end of the third and the eighth 
second. 

Ans, a = 32.17 ft. a second ; v = 32.17^ ft. a second ; 96.51 ; 
257.36. 

3. Given s = o^i, to find v and a in general, and at the end 
of 4 seconds. 

Ana. V = and - ft. a second ; a = and ft. 

2Vr 4 4V? 32 

a second ; that is, the velocity decreases at the rate of ft. 

4V? 
a second. 
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4. Given s^ = 8^, to find v and a in general, and at the end 
of 8 seconds. 

Ans. V = — - — and ^ ft. a second. 

5. A point moves along a parabola with a velocitj'^ v' ; re- 
quired the rates of change of its coordinates. 

Since f=2px,^=^. (1) 

dx y 

If s represents the length of the curve traversed, by the 
conditions of the problem, we have 

But ds ^dy _ ds ^dy ^ -Vda^ + df _dy L da? .^. 

dt dt dy dt dy dty df' ^ ^ 

since ds = Vda?^ + dy^. § 16, Cor. 2. 

from (1), (2), and (3), we obtain 

dt^ p^ dt Vjp* + 2^ 
which is the rate of change of y. 

In like manner, we obtain 

doc 11 

-— = — ^ v\ the rate of change of x. 

dt ^/p'-i-f 



Lograrithmic and Exponential Functions. 

34. The differential of the logarithm of a variable is the quo^ 
tient of the differential of the variable divided by the variable 
itself multiplied by a constant, 

JLiCt y = nx\ (1) 

then dy = ndx^ (2) 

and log« 2/*= loga n + log„a?. (3) •^ 

* loga y is read, " the logarithm of y to the base a" 
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(4) 



From (1) and (2), 
dy ^dx 

y~ « 

From (3), 

d{\og^y)=^d{\og^x), (5) 

From (5) and (4), 

dj^ogay) _ d{logaX) 

dy dx 

y X 

dx 
Whence d(\oga^) bears the same ratio to — that di^og^y) 

X 

does to -^. Let m be this ratio for some particular value of a;, 

y 

dx dii 

as a' ; then d(loga«) = m — when a? = x\ and <^(log„y) = ?)i -^ 

a? y 

when y = nx* ; but, as n is an arbitrary constant, nx' nuiy bo 
any number. Hence, in general, (i(logay)= m-^, in wliieli m 
is a constant.* 

The constant m is called the Modulus of the system of lo^ca- 
rithms whose base is a. 

35. Let m and m' be the moduli of two systems of loga- 
rithms whose bases are a and h respectively. If a > />, 
it is evident that log^a; must change more slowly than logbO;; 
.*. d(loga«) < d (\ogi,x) ; that is, 

dx . ,dx ^ I 

m — < m' — , or m < m'. 

X X 

Hence, the greater the base of a system of logarithms^ the smaller 
is its modulus. 

36. ITaperian System. The system of logarithms whose 
modulus is unity is called the Naperian system. The symbol 
for the Naperian base is e. 

* See Rice and Johnson's Calculus, p. 39 ; Olney's Calculus, p. 25 ; also 
Bowser's Calculus, p. 20. 
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77(6 differential of the Naperian logarithm, of a variable ia, 
IhcTpfore, tlie differential of the variable divided by the variable. 

Tbus we see that Naperian logarithms are the simplest and 
moat natural for analytic purposes ; aud, hereafter, the symbol 
l)g wilt stand for the Naperian logarithm. 



37. The differential of an exponential function with a constant 
base is equal to the fwnction itself into the logarithm of the base 
into the differential of the exponent, divided by the modulus of the 
system of logarithms used. 

Let y = <f, then log,?/ = x log„c ; 



- = log,.cdx; .•.rfj/[=d(c')] = - 



-dx. 



COE. 

have 



also, 



In the Naperian system, the modulus being unity, we 
d{c') = <flogcdx; 
d{e')=e'diB, since loge=l. 



38. T!ie differential of an exponential function with a variable 
base is the sum. of the results obtained by first differentiating as 
though the base were constant, and then as though the exponent 
were constant. 



Let u = y', then log u = x logy ; 

.•. — =\ogydx + x-^; 

.-. du = y'\ogydx + xy-^dy,, 
liieh is the result obtained by following the r; 



B given. 



39. Logaritlmdc DifferentiatiotL Exponential functions, as 
also those involving products and quotients, are often more 
cnsOy differentiated by first passing to logarithms. This method, 
which is illustrated in the two preceding demonstrations, is called 
logarithmic differenliatioTi,. 
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Examples. 



or -^ X 



3maj* 



2. t/ = loga Vl— «*. dy = -dx. 

4. /(x) = a:logaj. /'(aj) = loga+ 1. 

•1/ 

6. /(aj) = (logar)3. • f\x)da= ^ ° ^ (to. 

7. /(a;) = af. /'(a!) = a!'(loga! + 1). 

8. y = af. 

fjfj dx 

logy = of logx; .-. -^ = af (- log a? [af (log a? + l)]cto;. 

y a; 

.•.d^ = af^aj* loga(logaj+l) + - cZaj. 

o ^ gy_^px l+a?loga? 

9. y = a^. dx^"^^ X 

11 _i X dy _ 1 

12. 3, = log(loga.). 1 = ^- 



da: \aj/ \ ° a? 



af 



tA -. Vl +a? ,, dx 

14. y = — » aj/ = 



In this example and some that follow, pass to logarithms. 
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■' 


V = 


(<.+«)■ 


. 


y = 


(a' + rf)l 




(•■-tf)l 


7. 


y 


"^vh- 



20. y^ *^"^ ' ■ 
«■ + »■ 

22. ,v= (<.■+!)•. 



dx 


(o+a 


)■•' 




dx 


(a- 




(»' 


ii- 

dx 


1 






* 


«;i- 


10R« 




cte 




r' 




Ma- 
tte 


«-(!- 


3a?_ 


'>) 


* 


4 







ix («■+«-)' 

ti^=2a'(a''+l)logtKia:;. 
i the more rapidly, a number or its 
~dx \ tience li 



23. Whicli in< 
loguritbm ? 

Let y = Iog.iE, then rf'/ = ^dc ; hence log. a; changes faster or 

X 

more slowly than ic, according as x < or > m. 

Since, iu the Naperian ^8t«m, ■m = \,dx= xdy, that is, the 
number x changes x times as fast as log.a;. 

Rem. The ratio of the rate of change of a nnmber to that of 
its logarithm is variable; and yet the hypothesis, that it is con- 
stant for comparatively small changes in the number, is 
suffloiently accumte for practical purposes, and is the assump- 
tion made in using the tabular differences in tables of logarithms. 

24. \f ij = logioK, X changes how many times as fast as y, 
when X = 2560, the modulus of the Common system being 
.434294? 

3 5895 nearly. 



dy 



2560 
.434204 ^ 
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25. By meus of the fiNmrala d(1<^x) =s — , find (l(ao^) in 
wfaidi n is any nnmbeTf commensnrable or incommensurable. 

Let u = OB^, th&i log n = n logx ; 

du dx , ^-ij 

/ = m — , or du = na^ 'a». 

u X 

If X were n^ative, to aToid Ic^arithms of nopcatiye num- 
bers, we would square both members of ti =s af bef on' differen- 
tiating. 



26. In like manner, obtain d{xy)y d(xyz)^ and 



^} 



27. Prove that cl/'—log5:=i? + logc^ = -j^^. 

\2a x + a J or — a' 

28. Prove that d [log (x + Vx* ± a*) + log c] = 



e?a5 



Vaj*±(i* 



29. What is the slope of the curve «=: logio^^ or y = 10*? 
What at a? = 0? What at y = 5? 

Ans. — 2f — : 2.8-h ; ll.r)l4-. 
.43429 ' ^ ' ^ 



Trigonometrio Funotions. 

40. In the higher mathematics, the unit of angular measure 
is the angle whose measuring arc is a radius in length ; hence, 
if X represents the length of the measuring arc of any angle, 

and r its radius, the angle equals - ; or, if r = 1, the angle = x. 

r 

In what follows we shall assume r = 1. 

41. The differential of the sine of an angle is equal to the 
cosine of the angle into the differential of the angle, 

77/6 differential of the cosine of an angle is equal to minu^ the 
sine of the angle into the differential of the angle. 
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7 angle, 



:, and let 



Hence, 



represent s 

AC be any value of tbis are. If at c tbc mo- 
tion of tlio generatrix became uniform along 
the tangent Co, it is evident that any aimnl- 
taueoiia increments of its distances from c 
and lines da and bh may be taken as the 
differentials of the ai'e, the sine, and the 
cosine, when x = a.c; that ia, if en = dx, 
■_ ED = d(8ina!), and — ec = d(coa3;). Now 

angle edc = abc = x; .-. in triangle edc, 
ED[=d(8inic)]= cos xdx, 
-Ec[=d(cosa!)]= — siaxdx. 
as ABC is any value of x, we have in general 
dh\ax=C'>&xdx, ' 
d cos x= — sin xdx. 



42. The differential of the tangent of an angle is equal to the 
iquare of the secant of the angle into the differential of the angli 



•.dtiiux = 



4 



•■xdx. 



43. TJie differential of the cotangent of an angle is equal to 
minus the square of the cosecant of the angle into the differential 
of the angle. 

For cot X = tan (^ — x] 



■.dcota;=8ec^ 



(yn 



— vosef^xdx. § 42. 



44. The differential of the secant of an angle is equal to the 
secant of the angle into the tangent of the angle into the differential 
of the angle. 
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For 



8eca; = 



d sec X = 



cos a; 
— fZcosa? 



cos^a? 



sin a? egg ; 
cos^aj 



= 8eca;tang;(2a;. 



45. The differential of the cosecant of an angle is equal to 
minus the cosecant of the angle into the cotangent of the angle into 
the differential of the angle. 



For 



cosec X = 



= secf - — 05 1 : 

.\dcosecx = sec(- —x]ts.n(- —x]d(- — x] § 44. 
= — cosec X cot x dx. 

46. dvers aj=d(l — cosaj) = sinajdaj. 

47. dcover8aj = d(l — sinaj) = — cosajcte. 

48. To prove these theorems by the method of limits, we 
need the following lemma, which is very useful also in the 
theory of curves. 

Lemma. The limit of the ratio of an arc of any plane curve 
to its chord is unity. 

If s represents the length of 
the curve mn, and pb = da?, 
PD = cfs ; and if PC = Aaj, arc 
pap'=As. Since s is a function 
of a;, we have 

limit FAgT d5 
^=OLAajJ dx 



T»„4. Umit rchordppn _ ds 




Fig. 18. 



limit 



since *"^Vv fsec cppn = sec bpd, 



limit 



Hence, by division, we have *™q 



As 



chord pp 



•■]- 



1. 



§9 
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Cor. Since one-half of the chord of an arc whose radins is 
unity is the sine of half the are, 



Hmit [ "sin x l __ ^ 



49. To prove that d sin x = cos xdxby the method of limits. 
Let y = sinx; 

then Ay = sin (x -H Aa?) — sin x. 

But, from Trigonometry, we have 

sin a? — sin y = 2 cos -J^ (a5 + y) sin ^ (a? — y) . 
.•. Ay = 2 cos (a? + i^x) sin ^ Aa?. 

Ax ^Aa; 

* 

Now ^^0 f ^® (* + ^ ^^)] = COS a? ; 

.*. -^ = cosaj. 
dx 

The other theorems can be proved in like manner. 

Examples. 
Dififerentiate : 

1. sin aa;. Ans, a cos axdx. 

o x dy 1 . X 

2. y = cos-. -^= sin — 

a dx a a 

3. y = cos«^ = cos(«^). dy= — 3aj^sin«^dte. 

4 . f{x) = tan* X = (tan a?) *•. f\x)dx = m tan* ~'aj sec* a? dx. 

5. /(a;) = tan a? + sec a?. /(aj) = l+^E^. 

cos* a? 

a ' n \ dy COS (log aj) 

6. y = sm(loga?). -^ = ^ ° ^» 

cte a; 
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7. y = log(tana;). 



dy^ 2 ^ 2 

c2a; 2smapcosx 8m2x 



8. y = log(sm op) . -^ = cota5. 

^^ ^ daj sm2aj 

[= cos 05 — sin a;]. 

sec 05 

ar^: dy = af -'e^*(n -f- « cos a5)da?. 

sin (fix) sin* a;. dy = n 8m*~'a; sin (nx -f- x) dx. 

e*logsinaj. dy = 6*(cotaj + log sin a?)da;. 
ta,n(logx), 

log sec X. 

coso? 
2sin'a? 

4 sin* oaj. dy = 4 am sin*~'aaj cos aaj dx. 



9. 


y 


10. 


y 


11. 


y 


12. 


y 


13. 


y 


14. 


y 


15. 


y 


16. 


y 


17. 


y 


18. 


y 


19. 


V 



= af^'. 



|_^.(!!n_%,„,.<»..). 



= (sin a?)*"-. ^ = (sin a;)*"*(l +sec»ajlog sina?) . 

dx 



I 1 



1 



dy a* sec* a* log a 

20. y=:tana-. ^= ^— ^• 

21. y = *25!5-.tanaj + a?. ^ = tan*a?. 
^8 ^ dx 

22. y = €<•+«>• sinaj. ^ = 6<«+*)'[2(a+a?)sina?+cosa?]. 

23. y = e"*^ cos ra;. -^ = — g-"*** (2 a*a? cos rx + r sin ra?) . 

da; 



24. y = tanVnili. ^^ -(secVni^ . 



S4 
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25. Are sin IB, cosie. aad tanx iiicreasing or decreasing fUnc- 
tious of ir? 

d COS x= — Bmxdx; and — ain x is positive when x ia of the 
tbii'd or the fourtli quadrant, and negative when x is of the first 
or the second ; henne. cos a- is an increasing function when :e is of 
the third or the fourth quadrant, and a decreasing function when 
X is of the first or the second, rf tan x = ned'xdx, and sec'a: is 
always positive; hence tans' is an increasing function of x 
between its limits of continuity ; that is. between n;= — - ami 
ic = |. etc. 

26. At what values of a; does sin a* change as fast as <e? At 
what values does cos ar? tansr? cota;? 

Ans. sin x does, when x = and n- ; 
COB X does, when x=2-~ and iw. 

27. If the change of ir and cob x became uniform at 30°, 
how much would cob x decrease while x increases from 30° to 
30° 15'? 

Let y = COB a; ; then dy = — sinxdx^^ — ^x, when x = 30°. 
3.14159 



Let dx = 



■ .002182. 



= .004363; then dy = 
Hence cos x would decrease .002182. This is evidently less 
than the actual decrement. 

28. A vertical wheel whose circumference is 20 ft. makes 3 
revolutions a Becond about a fixed axis. How fast is a point 
in its circumference moving horizontally, when it is 30° from 
either extremity of the horizontal diameter? 

Ans. 50 ft. a second, 

29. What is the slope of the curve j/^siuj;? Its inclination 
lies between what values? What is its inclination atx=0? 



The slope = cos x ; hence, at any point, it must be something 
between —1 and +1 inclusive. Hence, the inclination of the 
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curve at any point is something between and -, or something 
between }ir and tr inelosive. 

Ans. -; 0. 
4 

30. What is the slope of the carve y = tan a?? Its inclination 
lies between what values ? What is its inclination at x = 0? 

Whatata; = -? 

4 

Ans. sec*aj ; between - and - inclusive ; - ; 68° 26' 6". 

4 2 '4 



Anti-Trigonoinetric Fanctioiis. 



60. d{sin~^x) = 



Vl-aJ^ 
Let y = sin~*a;, then a; = sin y ; 



.'. dx = cosy dy = Vl — sin^ydy =s Vl — a^dy. 
,\ dy [= d{sin'^x)'] = — - 



Vl-a^ 



6L d(co8-*a) = d(- - sin ^ar") = — — § 50. 



62. d(tan-iaj)= ^ 



! + «* 
Let y = tan~*aj, then x = tan y ; 

/. dx = sec*ydy = (1 + tan*y)dy = (1 -f- iii?)dy. 
.•.dy[=d(tan-'a;)]=j^. 

* To avoid the ambiguity of the double sign ±, we shall, in these formu- 
las, limit sin-'x, cos-'ar, etc., to values between and -. They may be 

made general, however, by writing the double sign in the second member 
of each. 
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88 

dx 



54. d(sec~^x)=^- 

x-\W—l 

Let y = sec ^oj, then x = sec y ; 

/. cto = sec y tan 3/dy = x^^ — \ dy. 

.-. dy [= d(8ec"^aj)] = 



da; 



66. d(cosec-^aj) = d/^|-sec-^aj = - 



66. d(vers-^a?) = -^ ^ 

V2a?-aj» 

Let y =: vers'^oj, then a? = vers j^ ; 



da; 



/. da? = smy d3/ = Vl — cos^y dy 



= Vl — (1— versj^)* dy 
= V2versy — vers^y dy 



= V2aj — a* dy. 
da; 



/. dy [= d(vers-^aj)] = 



V2a;-ai* 



67. d(cover8--a;) = dg-ver8-^a;)==--^^. 



Examples. 



1. Prove that d/'8ln-*5^=:-^_-. 



df-] 



§50. 
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2. Prove that dfoo8-»5'\= -^— ; d(uin-'^] = -S^-, 



V?^=^» 



a( cosec - ) = ^ ; af vers ^- ) = — _ ; 



af covers 



a) 



\ «/ V2aa; — ai* 

3. y = a5 8in~*a;. -2 = siii~^ajH ^ 

4. y = tana;tan-*a5. -i?=:8ec*a;taii-*aj-|- ^^5L^« 

dx 1 -l-ar 

^ l+a* da; l + 6aj* + a?* 

6. y = 8m^ — I— -^ = — ^ » 

V2 ^ Vl-2a;-a» 

7. t/ = sec-* — r ^=_ 



2a*— 1 dte Vl— a* 



8. y = co8 ^— r • -^ = . 

^ a*«4-l <«« «*• + ! 



A 



9. y = tan"^(ntana;). 



dy n ^ 

dx cos* a; -I- n* sin* x 



10. y = af^-\ ^ = af'n-ix/^8in:lf^Jo£^ 

(2a; 



1, /siD-^a; ^ loga; \ 



11. A wheel whose radius is ?* rolls along a horizontal line 
with a velocity v' ; required the velocity of any point p in 
its circumference ; also the velocity of p horizontally and 
vertically. 



■ 
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Let APX (Fig. U) represent the cycloid traced by the poiDt p. ' 

^ referred to the axes ax and 

f- ^y^ -^ -~~~-,^_^ AY ; then will the horizorittd J 

/^^ \ ^\ and vertical velocities of p J 

/ W^ ] \ be the rates of change of x 1 

/ vA y \ and y respectively, n h<- | 




entre is v 
ncrease of 

.'. t>' = 

Since as 
he cycloid 

.■.da: = 

Dividing 

dt " 
Prom S 
d8 = 

ds 
■■dj = 
for the vek 


X iug the point ol contact, i 

*""""' AD==rvera-'2^- Since the 
rtically over n, ita velocity is equal to the rate of 

'^Yrvers-'!^)- '" ^. 

-^•iry-f^._ jjjg velocity vertically. ( 1 ) 




= Aii-PH, and pc= -^y{;2r — y), the equation of 

is evidently ■ 

rvera-'^- V2ry-j/'. 

•" dv. 
V2rs-y' 

by dt, and substituting the value of -". we have 
-^=^=^ x^ --i-'- the velocity horizoutally. (2) 
6, Cor. 2, and equations (1) and (2), we have 
^d:^ + df (^Jl^ + '^'v'dt ^'^'v'dt. 
J^'u' = the velocity of p ! (3) 
city of p equals the rate of increase of «. 




• The »ymbol 4 indicates the operation of Wtking the deriyatire with 1 
reaped to (. '^ M 
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From (1), (2), and (3), we have, 

if y = 0, ^=0, f=0, and^ = 0; 

cU at at 

if y = r, ^ = v', ^ = v', and^ = V2«'; 

at at dt 

if 2^ = 2r, ^ = 0, ^=2<and^ = 2v'. 

dt dt dt 

Hence, when a point of the circumference is in contact with 
the line, its velocity is zero ; when it is in the same horizontal 
plane as the centre, its velocity horizontally and vertically is the 
same as the velocity of the centre ; and when it Is at the highest 
point, its motion is entirely horizontal, and its velocity is twice 
that of the centre. 



Since J=.p^,'=_l±Ii^^. 

dt y r r 



2^,... 



•*. — : y': : \/2ry: r. 
dt ^ 

Hence the velocity of p is to that of c as the chord dp is 
to the radius dc; that is, p and o are momentarily moving 
about D with equal angular velocities. 



Miscellaneous Examples. 

1. If y =/(«)» show that 

Ihnit r^*l_ limit r /(a; 4- Ao?) -/(a;) 1 -,. v 

2. Find j- ^ ^ Y Ans. ^ /' ■ 
8. Find^ — -5-— - . ,, o.. 
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4. /(a;) = (aj-.3)e2*4-4a^4-aJ + 3. 

5. y = log tan-^oj. ^ = 



dx (l+a^)tan^a? 
6. Find— [a;«-31og(l + aj8)i]. ^^ 






8. y^ Va^-f-ct^-fV^Ty 
Rationalize the denominator before differentiating. 



9. y=V?±i±f. ^=2f2a;+M±i 

10. 3^ = ^riEZ:. ^^ -2a;(2~^_ 



12. y = log(Vl+^+Vr^). f^ = -fl--~^ 



__ (sinna?)** dy __mn(8inna;)"'~*C08(9Tiaj — wa;) 

^"~ (cos ma)'* dx"^ (cos ma)""*"* 



14. vr+^+v iEg. ^=_Vi+_J_Y 



1 - 4. -1 a? 1 la? — a dy 2 aor^ 
15. y = tan^- + logx • -# = -^ r 
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16- w=8ec ^ — . , = — ,- - 



18. y=Vl-a*fim-iir — 



19. y = 8m-^lll^ ^= ?-« 

^ l-h«* dx 14-^ 

M- F^idA(€«aii-f«). 

Z' («) = €" 8m*~* rsc(a an nc + mr COS rac) , 

21- y = log(2«-H-2Vic*-x- 1). ^ = 



<i« y/s^'-x-l 



4dx 



nbar~^dx 



^- y = lc^[lc^(a + 6ar)]. c^ = 



(a4-fe«*)k^(a4-2«r*) 

Jrdx 



25. y = logQ±|Y-}tMi-^«. dy = 

tt^ . _iS-|-2a; • dx 

26. y = sm ^ ^ ay= — 



Vis Vl -Sx-x* 

27. y=<<tJUtt-^«. ^ = €^r-J_-|-aftMi-ix(l-hlogx)l 



28. « = «■ 



» 



y ^ l+log* dz (l+log«)* 
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»o » "^ 




' + -^ 




1 + etc. to infinity. 




-if,^ -^--vfe- 




30. !, = log(j!+v'i'-a-) + Bec-'!. 




.. .. ,..Vl-^ + W2 * . 


V2 



(Vina+iVfXi-"^ 



-■ -'-^^!l 



J, _ Jl„g:^^l±^±^ = log( vT+?+i) ; 
Vl + ir — a: 



83. y = logti±^ + itan-'a5. 



ifc (l+i)(l + if} 
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DiTEGRlTIO?!. 

58. A fanctioD or variable is calleti the Integral of iut diffpr- 
outmi. Thus, i" is the integral of 3r-'(tr; tmt\f(x)+ C\ f l.i'iii^ 
any constant, is thejntegral of /'{x)dx. 

Int^ration is the opemtion ot findiDg tlie inte|rrftl of a 
differential. 

The problem of differentiation tuid the inverse problem of 
int<jgration may be stated also as follows : 

That of DilTerentiation, or of the Differential CalciilnB, is, To 
find the ratio of the rules of change of a function and its vari'ible. 

Tliat of Int^ration. or of the Integi-al Calculna. is, ffunui/ 
given the ratio of the rates ofchauye of a function and tlx vari- 
able, to find the function. 

Tlie sign of integration is j . Thus, J in J i3?dx indicates 
the operation of integrating AsMx. Hence, d and J , as signs of 
operation, neutralize each otlier. Forexample, J (/(ar*) =jr', and 
d J 3 ar'dat = 3 I'd*. The whole expression J ■lj'''tc, read " the 
integi'al of 4j^(te," represents the integral of ii^dx. 

59. Elementary Principles. 

I. Since d(J — 0. C l>eing' any eonatant, J =C. 

Hence, asO may be added lo an J differential, iherjenerul form 
of its integral will coQ.taJn';an indeterminate constant term. 

In the Applications of the Caleulns. this constant term b 
eliminated, or determined ftttm the data of the problem. 

II. Since d('<j + M) = 'if7yV 

.■.jadi/=j'l(ap + ac) = a{y + c) 
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Hence, a constant factor can be moved from one side of the 
sign of integration to the other without changing the value of the 
integnxl, 

III. SinQe d{x ^ y + z -\- c) ^ dx — dy -{- dz^ 
.-.J {dx — dy + dz)=^X'-'y-^z-\-c 

= jdx — jdy + j d(z 4- c) 

= J dx — J dif -j- J dz. 

Hence, the integral of a sum of terms is equal to the sum of 
the integrals of the terms, 

60. Fundamental Formulas. Since integration is the inverse 
of differentiation, general formulas for integration may be 
obtained by reversing the general formulas for differentiation. 

Jdx dx 

-- = logo? + logc,* •/ d(loga?4-logc) = — . 

X X 

•^ n+1 \n+l / 

3. J a*logadaj = a"+(7, \'d{a*-\- (7) = a*loga(ia;. 
Je"c?aj = e* + (7. 

4. J cos xdx = sina; + (7, •.• ^(sin a; + C) = oosxdx. 



5. J — sina;c2aj = co8a; + (7. 

6. J sQC?xdx = tanoj + C. 

7. J — co8ec^a;c2aj = cota;+ (7. 

8. J 8eca;tana;da; = seca;4- C'. 



* When the mtegral is a logarithm, it is customary to write the indeter- 
minate constant term as a logarithm. 
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9. J — coflecapcota5dx = cofiecflp+ C'. 

0. I Binajda5= versic-l- C, or — co»flP^-C^'• 
l. I — coeicda? = cover8flP-f C, or — •iiiar-f C. 

3. f-^^ = co(B-*ar+C, or-»ilI-»a?+C7^ 
5. rn^^cor^aJ + C, or-tan-'ar+6", 
Jl + a;* 

6. r /^ =8ec-^ar^-0. 

— --^==— = co6ec" ^ a? -4- (7. or — »ec *ar+C''. 

8. r ^ =Tera-^ar+Cf, 

•/ V2ar-a!« 

, = cofrer»-'aj + C, or — rem 'ir-f- C 

V2aj-a!« 

The differentials in these nineteen fomralas are the funfla- 
mental iiUegrabU forms^ to one of which we endeavor to reclnce 



* Two integrals haTing the fame or equal difTerentiAls miMt change; at 
the same rate ; hence they must be eqnal, or hare a coiuitant difference. 
The constant difference between the rariable terms of the integrals in the 

last four starred fomntlas is eridentlr ^ ; for, when ;r < -« 

2 2 

cos-*jr + sin-*jr=r^, cot-'ar+ tan 'jr= ? etc 

The starred formnUs are not necessary, since the second integral in 
each is giren bj a prerions fomnila. 
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every differential that is to be integrated. The processes of the 
Integral Calculus are largely a succession of transformations 
and devices to effect this reduction. 

61. To facilitate the application of formulas 1 and 2, they 
may be stated as follows : 

I. The integral of a fraction whose numerator is the differen- 
tial of its denominator is the Naperian logarithm of the denomi- 
nator^ plus a constant, 

II. Whe7iever a differential can he resolved into three factors^ 
— Vi2., a constant factor^ a fa^or which is a variable with any 
constant exponent except — 1 , and a factor which is the differential 
of the variable without its exponent^ — its integral is the product 
of the constant factor into the variable with its exponent increased 
by 1, divided by the new exponent^ plus a constant. 



Examples. 
Find 

1. Jaa^doj. Ans.^^-\-C. 

2. jbxidx. |6aji + C. 
S.S2xld^. ix^ + C. 
4. J {^axi — ^bx^)dx. aaj5 — 6a;« + C. 



5 



'f^^f^^'^' -a;* + r. 



6.J(i|-4V. -- ^-h::^o+a 



6.5 
0^ Q^J Q? 3a^ 



•/: 



dx 



V. 



X 



2Vx+C. 



S.ffba^ + ^^dx. ^ ^ + C. 



4 V« 
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9. f5^. « .4.(7. 

10. r6(6a«* + 86ir»)l(2aa; + 46a^)(ia;. 

Since fi (6 cur* + 8 feir') = ( 12 aa; + 24 6a^) da;, we see that 
the difTerential factor (2ax-j-4ba^)dx must be multiplied 
by 6 to make it the differential of the variable 6 aa^ -{- S to'. 

= r-(Gax* + 86a^)i(12aa;+24to*)dar 

= A(6aa^4.86j^)! + C. f 61, II. 

16 

11. Cla{ajc-}-b2^)idX'^2b{ax-^bx')lxdx]. 
C[a(ax -H fejr)idx -f- 2 6(aa; -f bx^)^xdx] 

= r(ax -H to')i(a + 2 to)<ic = f(aa? + ^«*)* H- ^- 

2. r(2a + 3&r)»daj. — (2a-h3to)V C. 

•/ 126 

5. r(6a:*-f 2a^-5)(3a^-l)dx. li?! _ llff -^ 5 :c -h C. 

/* dx 
. log(x— a) + logc, orlog[(a' — a)c]. 
X — a 



. i--*, 



/; 



18. 



a-f-to- 

/'s^'^dx 1 /^nbx^'^dx 1 
a-f te-^^ a-f to- ^il6 ^^^^ ^^^ ^-" 
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19 



20 



J ae-^ba^ 

/ ' 5bx dx 
8a — 



6bx^ 



log[(ae + 6aj»)*c]. 



log 



(8a-66aj»)A 
22. C(b-x^yxhdx. ^b^a^-^Va^+^bx^^-^x^ + C. 



. I cota;da; = | ^ • 



log (c sin x). 



24 






dx 

X 



loga5_ 



a; log a; 
25. Cy/2pxdx. 

2^. J2ny(t^{^dy, 



97 r *"-(2aa? — g')cto 



log(loga?) + logc. 



\Qsy/2px + C. 
|j(3^+l>«)i+C7. 



28 






29. I sin x cos a; (2a;. 



30. r(loga!)»^. 
J x 

31. Ca^logadx[=i CaP'logaSdx']. 

32. fcioga?)' 

33. Ta^^daj. 



,dx 

« 

a; 



m 



•J-sin^a?-|- (7. 



i(loga?)* + logc. 



4a«- + (7. 
i-^ (loga;)-*+i -h logc. 



41oga 



a^+C. 
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:. I C"(to. 



34. I c"(to. n€*-hC. 



'^•/^^t-/-"'-""} 



sec^-hC. 



. Ca^dx. l^'^^' 



37. Cca*'dx. .^—a!^^C. 
J 21oga 

38. I coB(?/ia;)da? =— I co8(7iia;)m(2a; . —sin (ma?) ■+- C. 

39. 1 Bec*(ma;)cte. — tan (ma?) ■+- (7. 
J m 

40. I sin* a? cosxdx. ^ sin* x-^C. 

41. rsin«(2a?)cos(2a?)(ia?. ism*(2a?)-f C. 

42. rcos*(3a?)sm(3a?)(ia?. — -^cos*(3a?)+ (7. 

43. r8ec*(a?»)a^da:. itana?»H-C. 

44. r78ec*(a^)a?da?. ^tana.*^ -|- C. 

45. floga?^. i(loga?)« + logc. 

.« /* sinagda? f 1 / *— ftsiua^da? "] , c 

■ J a-f6co8a?L"" &Ja-f6co8a?J (a4-6co8a?)* 

47. J 5 8ec(3a?)tan(3a?)da?. |8ec(3a?)-|- C. 

48. I 5 coB(a + bx)dx. -sin (a -|- 6a?) -|- C. 

49. ( 4 co8ec(aa?) cot(aa?)da?. co8ec(aa?) -|- (7. 

»/ a 
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19 



•/; 



2h3?dx 



20 



ae-j-ftsc* 



/ ' bhx dx 
8a- 



log[(ae + 6aj»)*c]. 



21 



22 



•/- 



Qha? 



b{2a-st?Ydx 



log 



c 



(8a-66aj»)A 



OJ* 



5r-?^ + ^'-h6alogaj-iaj«1-h(7. 



. r(6-a^)3a:4daj. ^^^^''^^^ "•" A^a^ - A«^ + C'. 






log (c sin a;). 



24. 



da; 



log(loga?)-flogc. 



|ajV2^-fC. 



/ ^ da; = r ^ 
a; log a; ^ •/ loga;_ 

25. CW2p~xdx, 
2e.f2rry(^^iydy. 

27 f *~"(^^^ — ^)<^ ^ 
V (3aar^-a;8)* 

28. r(2a;*-3a^-hl)Ka^-f«)<^- •^(2a;*-3a;«-fl)« + C. 



29. I sin a; cos a; (2a;. 

30. fcioga;)*!^. 
»/ a; 

31. I a*"logada;[=^ I a*"loga3(fa;]. 

32. fcioga;)-— 
J X 

. j a**(fa;. 



m + 1 



^sin*a;-|- C. 



i(loga;)* + logc. 



ic^-hC. 



(loga;)**^ + logc. 



33 



41oga 



a^+C. 



EXAMPLES. 



34. C^dx. 



■f 



36. I a^dx. 



37. i ca^'dx. 



xcoQxdx. 



38. j cos(?»a5)da5 =— |cos(7iia;)m(2a; . 

39. j Bec*(ma?)da?. 

40. fsin* 

41. I Bin'(2a;)co8(2a;)(2a;. 

42. CcoQ*(Sx)sm{Sx)dx. 

43. r8ec*(aj»)aj»(te. 

44. I 7 8e€?{a?)xdx. 

.flogx^. 
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46 



2 log a 



49 



ne- + C. 



sec^-hC. 






a*-hC. 



— sin (ma?) -|- C. 
m 

— tan (mx) -f C. 
m 

isin*aj-fC. 

isin\2x) + C. 

— -^cos*(3aj)-fC. 

i tan o^H- C 

^tana^-^+C. 

i(log«)«-flogc. 



/ sin a; da? r__ __ 1 / ^--6siua;da;" | , 

a-|-6cosa?L ft*^ a4-6cosajJ 

47. I 5 sec (3 a;) tan (3 a;) (2a;. 

48. I 5 cos (a + bx)dx. 

49 . 14 cosec (oo?) cot (oa;) dx. 



{a + bcosxy 
I sec (3 a?) 4- C. 



5 

-sin(a-|-6aj)-|-C. 





cosec (oa;) -|- C. 

a 
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. Ce^'sinxdx. — €~"-|-C. 



51. Ce^'^'^'coaxdx. i €*■*"* -fC. 

52 r(l-hcosa:)dx ^ log[(a: + 8ina:)c]. 

J aj + sina? 



a^ a?* . aj* a^ 



53. r-^^r=- f-^^^i. 

Jl+«*|_ 2 J 1+ (a!i')''J 

64. r(l+a!)(l-a^)a!(to. ^_^ + ^_^ + (7. 

*/ 2 4 o O 

^ + a;+21og(a;-l)+C. 

56. f-?^- — -x + tan-" a! + C. 

57. f-^r!^-. (« + ^^)'- + (7. 
»/(a + 6a!")- 6n(l— «i) 

^^•fi^' log[c(3a^+7)A]. 

62. Auxiliary Formulas. By integrating the equations in Ex- 
amples 1 and 2 of § 57, and those in Examples 27 and 28 of 
§ 39, we obtain the following auxiliary formulas for integration : 

(c) f ^^ =sin-^g-*-C^. 

(d) f— ^=: = log(a?-hV?±^) + logc. 
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(e) r — ^^3 = l8ec i--fa 

(f) r ^^ =:TeTS Ig^-^. 

•/ V2aa? — aj* ^' 

If the differentials in these formolas were negatire, we woold 

evidently have cos"*-, or — sin"*-, in place of sin*-; 

a a a 

and log , or log , in place of log ~"^ ; etc. 



1. Dedace formulas (a), (c), (e), and (f) of § 62, from 
formulas 14, 12, 16, and 18 of § 60. 

(c) I =1 =8m '--i-C. 

J V^rr? •/ L a^ a 



>('- 


a^ 
a* 




da? 


r_ 


a 


— -• 


,K 1 



(e) I — =- I — =-sec ^--{-C^ 

^ x^a? - a* a*^ ar f^ 7 « « 

2. Deduce formulas (b) and (d) of § 62 from formula 1 of 
§ 60. 

Since 1 = 1 f_^-^); 
or— or 2a\x — a x-^aj 

... f_^ = J_ r_^_± fJ^ = ± log ?r:ff + (7. 

J or — or 2aJ x—a 2aJ x-^-a 2a aj-|-a 

To deduce (d) , assume Var*± a^ = 2r — a;. 

.'. ±a* = «*— 2a». 

/ \ J J dz dx dx 

.'. {z — x)dz = zdx, or — = 



2 2; 



— aj Va* ± a' 
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••/: 



dx 



V^T 



a' 



= f— = log(zc) = log [(a? + V^±a*)c'] . 



1 tan-i^ + a 
be c 



Here x of formula (a) = bx^ and a = c. 
^ r dx r 1 r_d(65) 1 Isin-^+C. 



/ da? r_ /» d(cx) 1 J_ 

x-\/c'a^-a^b^lJ {cx)^/{cxy-'{abyJ (^ 



1 Vgec-i^+(7. 



V8(caj) 



caj) "1 1 _ica; , ^ 

^ • -covers ^ — |- C?. 

- {cxfA c 4 



8 



r da; r^ r. 



V!-(-l)'J 



'■/: 



dx 



-y/{ax — a^) 



=/ 



dx 



>lfFfl 



V5 



sm ^ ^C. 

a 



10. f-—^ — r= r. 

11. f , ^ 



•/: 



dx 



(x + 2)» + l 



} 



tan-^a? + 2) + (7. 



12 



dx 



aj V6V _ ^2 



tan-^(2a?— 1)+C. 



1 -ibx , ^ 
-sec ^ h C 

a a 



13 



/ 



dx 



V(2a6a;-62«2) 



1 -i&a? , y^ 
-vers^ h C 

a 
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14. f »*<fo r^i r H'fo 1 

'^ V8-4a?L 3J V2 - (ari)»J 

15. r . '^ r= r_ 



>FFfJ 



isln-'-J^ + C. 



8in-'(2a5-3)+C. 



16 



• r . ^ = r 



da; 



log /^a? + - + V«*T«+T j 4- 1<^ c. 



17. f.^. 
Ja^-1 

/ ' agcto 

r dx 

/ —da? 
V?i(c*-a;*) 



^log^^4-logc. 



18 



19 



20 



V3 



2a^ 



tan 



a* 
V3 



n *cos^^--|- C. 
c 



_i ^a? y^ 

vers ' |-C7. 

(I 



"Vex — a^ 



"y/cx^a^ vers"* 1- C, 

2 



c 



/ —xdx _ A; — 2a; — c , _ i^ (c— 2a;)da; c C dx 



2Vca;— a;^ 



■y/cx—Qc^ 



23 






-y/aa^^h 



— log Ta; +-^a;^ "" "") "^^ ^^^^' 



24 



■/: 



da; 



V2 aa; + a^ 



log (a;-|- a + V2 aa; -|- a;*) + logc. 
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25 



26 






+ 4a; 



llog 



X 



a; + 4 



+ logc. 



/ xdx 

27./ 

23 r{h_±_cx)dM 



Zdx 

4+9aj2' 



29 






r Safe 



V?^^iB« 



^sin-^^ + a 

^ 2 



a a 2 



|vers-^(18a^) + C. 



30 



/ 



(Za; 



V5aj*-3«» 



^ VS sec 



31 



/- 



5cZa5 



V3ar*-5 



V5 



sec 






+ c. 



+ c. 



x 



(aj2-a2)i-asec-^- + a 



32. fl^Jl^dx. 
•/ a; 

r(a^-a^)^ ^^^ r^a^-o^^ C xdx C a?dx 

A fractional differential may often be separated into integra- 
ble parts, or reduced to an integrable form, by multiplying its 
numerator and denominator by the same quantity. 



33. c:ii±idx\^ rii+^i^" 

•^ Vl - a; L ^ Vl - ar _ 



sin-^aj-(l-aj2)i+a 



34 



. C2U^±^ dx. sec-^- -I- log (a? + Va^ - a^) 4- log c, 

^ x^x — a ^ 



J (l-a^)3L J (aj-2-l)3j 



a? 



Vl-a^ 



+ 0. 
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63. Trigonometric Differentials. The following trigonometric 
differentials are readily reduced to known forms. The forms 
in the first seven or eight examples should be especially noted. 



1. Find 



sin 2 



Ans. log tan {^x) + (7. 



rdx ^ r 

J einx J 2 si 



dx 



sin(|^aj)cos(|^aj) 
= log tan(^aj) + C. 



/ sec?(ix)^dx 
tan (4a;) 






dx 



eosx 



^ r dx 

J (it 



J SI 



dx 



sma;cosa? 



sinf - + » I 

r__ / *sec^a?(ic "1 
L J tan 05 J 



log tan 



(i+i)+''- 



log tan x-^-C. 



4. I cos*icda[= I (^-|-icos2jB)cto]. 

5. I sin'a;c2a;. 



X 



-■+-isin2a?+C. 



X 



6. fcotxdx r= r^!i£^1. 
*/ I J smic J 






- — i^sin2aj+ (7. 



log sin a? 4- C. 



J SI 

*/ si 



tano^cLr. 



djx 



sm^ajcos^a? 



— log cos a? + (7, or log sec a: + (7. 



tau X — cot a; -f- C'. 



dx 



sm^ajcos^a? 



/ (sin^ a? -I- cos^ a?) cia; /^/ ^ , 2 \^ 

-^ -5- — -^ — = I (8ec^aj+cosec^a;)cZaj. 
sin^ajcos'^a; J 



9. i sin^a;da;. 



../., 
/- 



2/»^o8, 



— cos X + J COS** a? — 



cos* a; 



4-C. 



sin*aj(fo? = 



I (1 — cos^ a?) ^ sin a; c?a? 
— j (1 — co8^a;)^c?(cosaj). 
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In like manner, j sin** 2; do; and I coB*^xdx can be found, when 
n is an odd positive integer. 



10. I sin^xdx. J^cos'a; — cosa? -f C 

11. I cos^xdx. sin x — ^sin^a? -|- C 

12. I cos^xdx. sin x — ^sin^aj -f ^sin*aj -f- C. 

13. I sin* a? cos' a? daj. ^sin*a; — ^8in®a?-|- (?• 
I sin* a: cos' a? da; = I sin* a; (1 — sin* a;) cosa? cZa;. 

In like manner, | sin^ajcos^adaj can be found, when either 
m or 71 is an odd positive integer. 

4. I sin' a? cos' a?cto. Jsin^a? — ^sin^a? -|- C 

5. I cos*a: sin'ada:. — ^cos*a: -f-if^cos^a; + (7. 

^ r cos^xdx r_ (1 — sin' a?) d (sin a?) "! 1 1 . p 

J sin* a; [_ sin* a? J sin a? 3 sin' a? 

/sin X 
— —-dx* seca?-|-cosa;+ C 

cos^a? 



9 



. j^^-^dx. -J^sec^aj — ^sec*a?-h (7. 

/sin' X 
— :;- dx. Isec^a; — lsec*a? -h C. 

cos^a? 



»2 

20 



. f^J^dx. itan*a; + 4tan'a;+(7. 

J cos^a; 

— j-dx = I tan' a? sec* a? da; = I tan'a;(tan*a; + 1) sec* a;da;. 
cos'a; J J 
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In like manner, dx or —, dx may be intesrated, when 

cos* a? Bm**a; 



m ~ n is even and negative. 

21. C^^dx. * -ieot8a?-|-C. 
J sin* a? ^ 

22. C^^dx. * |tan«ic + C. 
J cos^o? 

23. f-^. tana?4-itan«» + C 

24. I tan*ajda5[= I (see*a?— l)cto]. tana? — a? -+-(7. 

25. I cot*a?da:. — cot a? — x-^C. 

26 . I tan* ajdaj. ^ taii^ a? -|- log cos x-^ C. 

27. I cot?a?cte. — ^ cot^a? — log sin x+ C. 

28. I tan' a; (2a;. 

I tan'a;c2a;= j (sec*a; — l)tan^a;(Za? = Jtan*a?— I tan® a? c?a: 

= :Jtan*a?— I (sec^a?— l)tana;da; 
sx :Jtan*a5 — ^ tan^a; — log cos a? -f- (7. 

In like manner, tan"* a; da? and cot**a:da; may be integrated, 
when m is a whole number. 

29. ita.n*xdx, ^ tan® a: — tana? -f- a; -f- (7. 

30. i cot^xdx. — ^cot®a; + cotaj + aj+ C. 

31. |tan^a;da;. ^tan'aj— ^tan®a;-f- tanaj — a-f- (7. 
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32. cot?xdx. 



icot'ar+ Jcot',B + l( 



64, Definite Integiab. All the integrals yet found contain the 
indetemiiiiate (constant term C, and are called indefinite integrals. 

Whan C is eliminated, or determined for any hypothesis, the 
integral is called a definite integral. 

When, from the data of a problem, we know the value of the 
integral for some particular value of ita variable, C can be 
determined. For example, suppose that du = 2axdx, and that 
w = when x=2. 

Since dii=:2axdx, u^ax'-i-C. 

Since u = 0whenar=2, = 4a+C?. 

Hence, (? = — 4n, and u = hx' — 4o, a definite integral. 

If, in any indefinite integral, two different values of the vari- 
able be substituted, and the one result subtracted from the 
other, C is eliminated, and the integral is said to be taken be- 
tween limits. The symbol for the definite integral of (ji[x)dx 
between the limits a and b is i ifi{x)dx; a and b are called the 
limits of integration, a being the inferior and b the superior 
limit. The symbol | indicates, that the following differential 
IB to be integrated ; that a and b are separately to be substituted 
for the variable in the indefinite integral ; and that the first uf 
these results is to be subtracted from the second. 

In what precetles, we assume that the integral is continuous 
between the limits a and b. 

In the indefinite integral, neither limit of integration is fixed 
upon. la the Jirst form of the definite integral, only the inferior 
limit is determined, and the integral is still a function of the 
variable. In the definite integral between limits, both limits are 
fixed, and the integral ceases to be a function of the variable. 



Examples. 

1. Giveadii==(l+^nx)idx; find the definite integral o 
hypothesis that y — when x = 0. 
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Herey=-|-(l + |aa!)l + 0; .•.0 = -|- + C. 
.•.3, = -|-(l+fax)l- ^ 



27a ^ * ' 27a 

2. Given dy = {o? — l^x)dx ; find the definite integral, if 
y=zO when x=2. 

^4 2 

^£05 doc 

3. Given dy = ^ ; find the definite integral, \f y = 

OS M "^ on 



when a; = 1 . ^ns. y = log (2 a? — a?'^) . 

4. Find | nxdx. Ans. - (6* — a*) . 

«/a 2 



J'««(to=V + C; rV+cT=|a'+C; 



(b'+C 



•A 2 ^2 J 2 

6. ( (aa^ — a5^)cto. 
Jo a* 



Go^cto. 24. 



2L. 
12' 



TT 



+ «* 4a 

*>^ Va^-a^ 2 

V2-I. 



'• X^[=X<-«)-"^} 



•[i-.cl 



denotes the value of -x^ + C when x = a. 

2 
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»i 



n + 1 

%> 



a 



316 a^ 



2. r2V2^. 3^ 
»/« -y/^r — y 

3, CjLtf-V^Ydy 266^6» 

*J> 1 + a?*' 

sin* jc cos* 0? da?. — . 

12 

Applications to Gteoxnetry and Mechanics. 
66. £ectificati(Hi of Curves. From § 16, Cor. 2, we have 



TT 

4 



da = Vda^ + fiy* ; 



This equation is a general formula for the rectification of any 
plane curve ; that is, for finding its length. 

Examples. 
1. Rectify the semi-cubical parabola ^ = aa^. 

Here^ = iH^; .^M^^^^. 
dx 2y da^ 4 



.•.5=JA + ^*(to = iJ(4-f-9aa:)i(2a? 



^(4 + 9aa?)i ^ 

27tt ^ ^ ^ 

So long as the point from which s is measured is undeter- 
mined, C must be indeterminate. If the length of the curve 
be estimated from the origin, 3 = when x = 0. 



AREAS OF PLANE CURVES. 

SiibfititntiDg these valnes of s and a: in (1), we have 
27o ' ■■ 27a 



(2) 



If, in (2), a =1 and* = 1,8=^^; that is, the arc off = 3^ 
that lies between the origin and x = ^, is 2^ in length. 

For the length of the arc, the abscbsas of whose extremities 
are b and c, we have 

. = }J(4 + 9„,)l,ix- '* + »")'-(* + »■■''>■. 
2. Find the length of a branch of the cycloid 



x = r vers-'-2- - y/2rff-f. 

«-S=.-7^---('+S)'=VM..-,,-.. 
.•.2„(Fig.l4)-2p(^, + g)„,, 

= 2 V2r ft^ r-y)-id'j^>ir. 

Hence the length of a branch is eight times the radius of the 
generating circle. 

66. Aieat of Plane Carres. From § 14, nc have 
dZ'^ydx; 

.-.z= j ydai= jf{x)dx. 

This equation is a general formula for flnding the area included 
between anj* plane curve and the asia of x. 

In applying this formula, it mast be borne in mind that, area 
above the axis of x being positive, area below it is negative. 

For the area between a curve and the axis of t/, we evidently 
tiave 



=!""'■ 
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1. Find the area between y* = 'Zpx and the axis of x. 



It the a 

when X = ( 



ii be reek on ed from the origin 



= 0, 



nd z = \a:y. 

irea oap = f oapr ; and the a 



HencB the area oap = f oapr ; and the area of 

the segment nop ia two-thirds that of the par- 
allelogram MNFR. 

If OH = a, and oa = 6, 



tj"V2ja;(ic = |V2p(6S-r(S). 



2. Find the area of y = 3?-i-aa^ between the limits » = — n 
and x = 0; also between the limits x ^ and x = a. 

Ans. Jjo^ -^«'. 

3. Find the area of the hyperbola xy = 1 between the limits 



Area = logd ; that ia, the area is the Naperian logarithm of 
the superior limit. It is because of this property that Naperian 
logarithms are sometimes called hyperbolic logarithms. 

4. Find the area inclosed by the axis of x and the cnn'o 
y = x — 3^. 

The inclosed area lies below the axis of x, between x — — l 
and a; = 0, and above it, between x = and a; = 1 . These two 
portions being numerically equal, the result obtained by inte- 
grating between 3' = — 1 and K= 1 is 0. To find the required 
area, obtain the area of each portion Heparately, aud take their 
numerical sum. 

Ans. ^. 



AREAS OF SURFACES OF REVOLUTION. 



68 



5. Find the area of the ellipse a*y* -f- 6*a^ = a*6*. 
Area = -4 I Va^ — o^ dx, 4 I y/a^ — a^dx = Tra* ; 
for it evidently equals the area of the circle whose radius is a. 



.*. area = -ird^ = 7ra5. 
a 



6. Find the area intercepted between y* = 2px and a? = 2py. 

^'Ipxdx— I — cZa5 = -^« 
b • •/o 2p 3 



X 



7. Required the area intercepted between 3^ = ~ and 

u4n«. log 4 — J . 



a; 
^ 4 



67. Since 2= Cydx= Cf(x)dx (§ 66), the integral of/(a;)^/a; 
can be represented graphically by the area between the curve 

y^f{x) and the axis of a;. Hence, when i f{x)dx cannot be 
found, i f(x)dx can be determined approximatel}' by eoui- 
puting geometrically the area of the figure formed by the axis 
of 05, y =f(x) ^ xs=a^ and a? = 6. 



68. Areas of Surfaces of SevolutioiL 

Let 8 represent the length of the curve om, t 
and S the surface generated by its revolution 
about ox as an axis. 

To obtain a general formula for the value of 
S^ let A3 = ai*c pp' ; then AS = the surface 
traced by Aa. 

limit r ^« 




Since 



A« = 0[^chord 



pp'J 



n 



§ 48. 
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. limit fsui'face tjaced by Ag "I 
' A8 = Oj^gurface traced by pp'J 



I ^^ limit 






surface pp' 



As 



,=1; 



i'l^-m'M^f)^^ 



da ^ 



:.S=27rCyds = 2 ^ f/l + ^*^- 



When the axis of revolution is the axis of y^ we have, simi- 
larly, 



5=2 TrCxda = 2 '^f4^ + ^^^^' 



Examples. 

1. Find the surface of the sphere. 
Here the generating curve is a^ -f- j^ = r*. 

= 27r I rdx = 4wr^, 

2. Find the surface of the paraboloid ; that is, of the surface 
traced by the revolution of a parabola about its axis. 

S^2wJj{dai' + di/')i = 27rJj(l^-'^% 



VOLUMES OF SOLIDS OF ItEVOLUTXON. 
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68. Volumes of Solids of Sevolution. 

Let V represent the volume geuerated by the revolution of 
OPn about ox as an asia. ' To deduce a general formula for the 
value of V. let Aa; = AB; thea Ay = Dp', and 
^V = the Tolume generated by the revolu- 
tion of ABP'P. 

Now, volume abdp < A V< volume abp'm ; 
or Tr/A3!< A V< ir(y + 4y}^ Aa: ; 



Ax 




= ^ffd: 



(1) 



Or, to obtain (1), conceive tlie solid as generated by a varia- 
ble circle, whose centre moves along tlie axis of the solid, and 
whose radius is equal to the ordinate of the generating curve. 
With this contieption, it is evident that, if tfce=AB, riF^tho 
cylinder whose altitude is ab, and the radius of whose base is ap. 

.•.dV=7r!rdx, or r=7r(V(^- 

When the axis of revolution is the axis of i/, we have, simi- 
larly. 



= ^^7fdy. 



^^^1. Find the volume of the pixilate spheroid ; that is, of tl 
solid generated by the ellipse revolving about its major axis. 



EXAMPLELS. 



Ho 



. p-=W'/d»=7rJ"'^(a'-a^)da: = i(2«n-6'). 



H;;nce the volume of the prolate spheroid is two-thirds the 
volume of its circumscribed cylinder of revolution. 

If a = 6, F=}W, 

wliifli gives the volume of the sphere whose radius is a. 



2. Find the volume generated by the revolution of tf^^cx 
about the axis of x, volume beiug- measured from the origin, 

Anx. F^= ^'ry^a' = f the circuinBcribeii cylinder. 

3. Find the volume of the oblate sphei'oid ; that is, of the 
solid genei'ated by the vevolution of the ellipBe about its minoi' 



Ans. V= ^ira-b = \ the circumscrilied cylinder of revolution. 

4. Find the volume of the paraboloid j that ia, of the solid 
generated by the revolution of tjje parabola about its axis. 

Ana. Y= \irxtf, or \ the circuni8eribe<l cyliiiiler. 

5. Find the inclosed volume of tlie solid generated by tlie 
revolution of y" — 6^ = ax\ about the axis of y. 



r=j£(/- 



70. From 11 = ^ and n = — (§ 33), we have the following 
at at 

Fundamental rormnlas of Uechanics. 



.■.s= fi'iW, andi= f'^-. 
.■.V=Ca.dt, and(- f— 



4 



1 . The acceleration of a moving body is constant ; find llie 
velocity and the distance. 

., tlie vaLue nf 



in which ii,, 
u when ( 



ipreaeuts the initial velocity ; 



= Cvdt=C{o 



( + t,„)d( = ^«('+f/ + «„, 



in which a^ re|iresents the inUial distance : that ia, the value of 
s when ( = 0. 
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If the motion begins when i = 0, v© = and «o = ; hence (1) 
and (2) become 

v = at and s = ^a^; 



.'.t =-*| — and v = V2as. 



These four formulas are the fundamental formulas for uni- 
foi'mly accelerated motion. 

The acceleration caused by gravity is 32.17+ ft. a second, 
and is denoted b}" g. If we substitute g for a in the four for- 
mulas given above, we obtain the formulas for the free fall of 
bodies in vacuo near the earth's surface. 

2. By a principle of Mechanics, if ab be a vertical line, the 
acceleration of a body sliding without friction a 
along the inclined plane ac is ^cos<^, in which 
<^ = angle bag. Let «', v', and V represent respec- 
tively the distance ac, the velocity acquired along 
AC, and the time of descent ; then, from the for- 
mulas, 

^ a 

we have 



V = V2a«, 



and t 



v'= •y/2g8' cos<^, and ^'=\ • 

\^cos<^ 

Let s represent the vertical distance ab ; then 




8 



I 



cos<^ 



v'= V2 g s' cos <t> = w2g8^ 



aud 



ef= / 28 ^ 1 l2] 

\gr cos^ <t> cos <t>\ g 



Hence the velocity acquired by a body sliding without fric- 
tion down AC equals that acquired by a body falling verti- 
cally down AB ; and the time of descent along ac is — the 

time of descent along ab. ^ 
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3. Let AC (= s) he the vertical diameter of any vertical circle 
4 ABU ; then the time of cfeBcent f I'oin a along 

auy chord ab (= s') ia 




- LM_ (Ex. 2), which equals J- 
\oco9^ \Sf 



^t- "- ricDce t 

chord of the circle is the same 



; time of descent from a along aoy 
.3 that along the vertical diameter. 



4. The acceleration varies directly a 

of rest of the body ; that is, — = u = ( 

dt 
end of time t. _, 



the time from a stat« 
; find V and s at the 
lis. v = ^ct''i s = ilfA 



5. When the velocity is a given function of the time, the 
time, velocity, distance, and acceleration can be represented 
geometrically, aa follows : 

Construct the locus of v =/((), ( being 
re|iresented by abscissas, and v hy ordinates, 
the unit of I being represented by the same 
unit of length as the unit of v. Therj, by § 66, 
the area between the curve and the axis of ab- 




s equals Cvdt ; but, by § 70, s = Cvdt. 



Hence, if abscissas represent time, and ordiliat«s velocities, 
the area between the curve o=f{t) and the axis of abscissas 
rejjresents the distance traversed by the nio\'ing body. 

Again, if ph is a tangent at p, and ab represents the unit of 
time, DH represents the acceleration at the end of the second 
unit of time ; for it represents what woidd be the increase of 
the velocity, or ordinate, in a unit of time, if this increase lie- 
cams uniform at the end of the second unit of time. 

6. A body starts from o (Fig. 21) ; its velocity in the direc- 
tion of OT is constant, and in the direction ot oxis gt; what is 
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Let OX and ot be the axes of x and y, respectively ; 
theD ^ = 



dt 



dl. 



Hence, 



^Sf; 



(1) 



Since (1) 13 the equation of a parabola 
referred to a diameter and a tangent at its 
vertex, the path of the body is an arc of a ^^«- ^^■ 

parabola. Hence, if it were not lor the resistance of the atmos- 
phere, the path of a projectile, as a bail from a rifle, would he 
an arc of a parabola ; for its velocity would be gt along the 
action-line of gravitj', and constant along the line of projection. 

7, The velocity of a body in the direction of ox is 12i, and 
in the direction of oy is 4 (' — 9 ; find the ve- 
locity along its path on'wt, the aecelei-ations 
and distances in the direction of each axis 
and along the line of its patli, and the equa- 
tion of its path. 

Let v,, V,, V. and a,, a,, a. represent respec- 
tively the velocities and accelerations in 
tht- directions of the axes of x and y and 
along the path, whose length we will repre- 
sent by 3. 




Then 






= 12(, and 'M^r„ = if- 



' dt \dC df' ^ 



The accelerations are 



= Vnr?l^T2FTsi = 4 (" -1- 9 



= 8(; and a. = — • = «(. 
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The distances are 

x= Cl2tdt=z6i^, (1) 

y=y{4i^-.9)dt = ^f-9t, (2) 

and «= C{4:t^'{'d)dt = ^i^-\-9t. 

Eliminating t between (1) and (2), we obtain for the equa- 
tion of the path, 

The form of the path is shown in Fig. 22. (See Weisbach's 
Mechanics of Engineering, page 148.) 



CHAPTER IV. 



SCCCESSITE DiyFEBESnATIOS. 

7L Successive Derivatives. Since f(x). the derivative of 
/(j!) , is in gcoeral a function of x, it can be differentiated. The 
derivative otf{x) is called the secmid derivatiee of the original 
function /(ic), and is denoted by f"(x). The derivative of 
f"{x) is called the third derivative of /(a;), and is represented 
byf"'{x) ; and so on. /"(-e) represents the nth derivative of 
/(a;), or the derivative of/" '(a;). 

Thus, if 



nx)=^; 



/'C^) = 



-{j*)^49?: 



f"ix)=g(i^) = V2x'; fix)^-^(n=^) = Ux; 

/"(x) = 24; /•(»;) =0. 

/'X*)' /"(*)• /'"{*)• etc., are the successive derivatives 
off(x). 

72. Signification of f"(x). Since f"{x) is obtained from 
f '{x) in the same wa.j that f (x) is from /(») , the nth deiiva- 
tive of a function expresses the ratio of the rate of change of Us 
(n — l)tk derivative to that of its variable; and the (n~l)th 
derivative is an increasing or a decreasing function, according as 
the Dth derivative ia positive or negative. 

Cor. If « is finite, and /((!)"=^ »>./'(«) =^, /"(«)=«. etc. 

For, wheu/(ix) = 20, /(a + ft) is not cc, however small h bo 
taken. Hence, while x changes a very small amount from a, 

•/fa) represents the valut ofyl[i) for x — a. The eq^uation /l[o)= on 
mentiB thaty(i:) increases williuut limit, as jr approaches a ns its limit. 



72 SUCCESSIVE DIFFERENTIATION. 

f{x) changes an infinite amount. Therefore, when xr=ia^ f(x) 
must change infinitel}' faster than x does; hence /'(a) = 00. 
For like reason, if/' (a) = oc, f"(a) = 00, etc. 

Examples. 

1 . Find the successive derivatives ofa;*+2a^-f-a;-f-7. 
Let f{x) = a^-\-2a^-tx-\-7 ; 

then /'(a;)= — (ar^ + 2aj2-f.a; + 7) = 3aj2-f.4a;-f-l; 

dx 

f\x)= — (3a^-^4x-^l)=^6x-\-4:; 
dx 

/"(a:)=£(6a^-f-4) = 6; 

and f^{x) = 0. 

2. Find the successive derivatives of caj^ -f- aa^ + d, 

/» 

3 . If f(x) = x^ log a;, prove that f^ (x) = — 

4. If f(x) = e"*, prove that f^{x) = a" e**. 

/"(a?) is written out in accordance with the law disco v/ered 
by inspecting /"(a;) and /'"(a?). 

5 . If f(x) = sin mx^ prove that /"^ (x) = m* sin ma?. 

— 14* 

6. If /(aj) = a?* log a?, prove that/^* (a;) = — ^. 

ar 

7. If /(a;) =af , prove that /"(a?) = af (1+ loga;)^ -f- af-\ 

8. If f{x) = tan a;, prove that /'" (x) = 6 sec* a? — 4 sec* a;. 

9. If f{x) = log(e' + e-') , prove that /'"(») = — 8 ^ " ^"' 



x\8 



10. If/(a;)= -^, prove that/'^(aj)= ^^ 



(e* -f- e-') 



1-a;' " * ' ^ (l-a;y 



* [n, read " factorial «," stands for 1 X 2 X 3 X 4 X ••• X n. 
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11. If/{a;) = a', prove that .r'(j-) = (lf^<i)-a'. 

I - 

12. If/(ai) = I(^(l+x), prove that /»(if) 



{l + xy 

(-1)>[2 






/"{«): 



{-ins. 



■rw^ 



(-1)- 



IS. If /(«) = (! + a)*, prove that 



n + I)(l + !r)— . 



73. Snocessive Differentials, The differential of the first dif- 
ferenti.tt of a function is called the secowd differential of the 
fimction. The differential of the seeond differentifti is calletl 
the Ihird differential. In like manner, wo have the fourth, Jijlli, 
and nth differentials. d(dy) is written drr/, and read " second 
differential of y"; li(fPy) is written (Py, and read "third dif- 
ferential of y"; and BO on. 

dy, d^, (Py, etc., are tlio suecesgive differentiah of y. 
In differentiating y =_f(3') BUccossivelj-, da; is usually regarded 
as constant ; that is, as having the same valne for all values of 
X. This greatly simplifies the second and liigher differentials, 
ami also the relations between the successive ditferentials and 
derivatives, and is allowahle ; for. when independent, x may be 
regarded as clianging uniformlj-. 

74. Relations between the Successive Differentials and 
Derivatives. 

If dx is variable, '^ ii 



t fraction with i 
and denominator, and we have 

_ dxd?!i~dyd!'x 



/"(x) = -^(^)^ 



d:^ 



variable nnmerator 



(1) 
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But, if dx is constant, -^ is the product of the constant —- 

dx dx 

and the variable c?y, and we have 
For the same hypothesis we have 

Hence d^'y =^f^{x)daf ; whence /**(«) is often called the nth 
differential coefficient of /(a?) . 

For the hypothesis that dx is constant, cPaj= 0, and equation 
(1) becomes (2), as it evidently should. 



Examples. 

1. Find the successive differentials of a?*. 
Let y = a;* ; then dy = 4 a^dx. 

Differentiating this last equation, regarding dx as constant, 

we have 

d^y = (4(Za;)d(aj3) = 12ar'(^ ; 

.-. d^y = {\2da?)d{^3?) = 24a?da^ ; 

.\d*y=^24:dx'\ ,\d^y = 0. 

2. Find the successive differentials of5a^ + 2aJ* — 305. 

If y=5aj»-f 2ar^-3a;, d^y=^Odoi^. 

3. If y = sin a;, prove that d*y = sin x dx*. 

4. Ity: 



5. Ify = 



6. Ify = 



log (ax) , prove that d*y = -dxl*. 

X 

2 a-y/x, prove that — ^ = — -• 
' ^ c?a;» 4a^ 

1 • 4.U 4. ^y 2co8a5 
log sin a;, prove that — —• = ; — • 

doir B\v?x 
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7. Ify^a? log a, prove that — ^ = — 

8. If y = cos mx^ prove that — ^ = m* cos ma?. 

dx 

da? y ' ' ' dic^ ^ ^ * 

**da^ f f (2a?)5* 
10. If aY 4- ^^'a?" = «'&', prove that ^ = ^ 



^ 



11. If ai^ + y* = r*, prove that — ^ = — - ^ 

dor ^ 

12. If 2/* = sec 2 aj, prove that 2/ + ^ = 3 /. 

dar 

13. Ify = e*8ina;, prove that ^ - 2^4-2y = 0. 

Cmj (XX 

14. Given s = 4^ ; find v the velocity, and a the acceleration. 

c,. ds dv d /ds\ d^s 

Since v = — -, a = --=— -(— - =--r- 
d« dt dt\dtj df 

Hence v = — = 12 ^^, and a = — ^ = 24f. 
dt df 

15. If s = c^ + ^^ what is the velocit}' and acceleration? 

Ans, v = 2 c^ + 6 ; a = — - == 2 r 

di^ 

16. If y* = 2px^ prove that — - = — 

df p 

Here x is regarded as the function, and dy is constant. 



CHAPTER V. 
SUCCESSfTE UnPEGBATION, AND APPUCATIOirS. 

75. The general formulas for integration enable us to obtain 
the original function from which a second, third, fourth, or nth 
differential has been derived. 

For example, let d^y = 5bda^ ; then 

d(g)=56d.. (1) 



Integrating (1), we have 



56a; + Ci; .\df^^=^6bxdx+ Cidx: 

\dxj 



.•.f^ = |6a;2+(7,a;-f C2; 
dx 



Examples. 

1 . Given cPy = 0, to find y. 

\dxj dx 

.'.y = i Cinc^ + C2X + O3. 

2. Given d*y = sino? cto^, to find y. 

^1 T^ J = siii^ ^^ ; •*• — ?• = — cosaj + Ci ; etc. 
\dQirJ da? 

Ans. y = sinaj-f-^Ciic'-f-^(72iB^-hC8a?-f- C 



■7 
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3. Given ^ = Soi^ - ajs, to find y. 



4. Given — ^ = sinoj, to find y. 

y = coso; + ^ CjC»* + C2X H- Cs- 

5. Given (Py = 2x~^cb^, to find y. 

y = log a? H- ^ CiO* + C2X H- Cg. 

76. Problems in Mechanics. 

1 . If the acceleration of a body moving toward a centre bf 
force varies directly as its distance from that centre, determine 
the velocity and time. 

Let fi =: the acceleration at a unit's distance from the centre 
of force ; 

X = the varying^ and c the initial^ distance of the body fix>m 
that centre ; 

then Xfi = the acceleration at the distance x, 

XT Cb8 (tX /t \ 

Here s=c — a?; .-. v = --- = — — ; (1) 

dt dt . ^ 

«nd a,^ = a=- = --. (2) 



Multiplying (2) by —dx^ we obtain 
Since v = when x=sCy G==fi€^; 



dt 

/. t = ft~icos~^-. (4) 

c 
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(7=0, since ( = whea x = c. 

If in (3) and (4) we make a; = 0, we have 

D=^cV/I, the velocity at the centre offeree; 
and i = ^ir/i"i, f7r/i~i, etc. 

Hence the time required for the body to reach the centre of 
force is independent of its initial diataoce (Vom that centre. 

Below the surface of the earth, the acceleration due to gravity 
varies as the distance from its centre. Hence, from (3) we learu 
that if a body could pass freely through the earth, it would M\ 
witli an increasing velocity from the surface to the centre, from 
wliioh it would move on with a decreasing velocity, until it 
reached the surface on the opposite side. It would then return 
to its first position, and thus move to and fra. 

The acceleration due to gravity at the surface of the earth 
ticing g, and the radius being r, we have in this case, 

,\ V = r V/t = V3?, the velocity at tlie centre ; 



'Nlr'-'"°V- 



= 42 min. 13,4 sec, 

which is the time that would be required for a body to fall 
through the earth. 

2. Assuming that the acceleration of a falling body above the 

surface of the earth varies inversely as the square of its distauco 
fi'om the earth's centre, find the velocity and time. 

Let X = the varying, and e the initial, distance of the body 
from the earth's centre : 

r = the radius of the earth ; 

g = the acceleration due to gravity at its surface ; 

a, = the acceleration due to gravity at the distance x. 
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Then s=c — x; and, from the law of fall, we have 
a : gr : : r* : aj* ; 

Multiplying (1) by dx, and integrating, we have 

.._| = (.^).(l_l)'. (2) 

If c = 00 ; that is, if the body fall from an infinite distance 
to the earth, we have from (2) , when x==r, 

i;=V2grr. 
Since g = 82^ ft., and r = 3962 miles, we have 

v = f^^ X 3962Y= 6.95+ mUes. 
V5280 J 

Hence, the maximum velocity with which a falling body can 
reach the earth is less than seven miles per second. 

From (2) , we have 

... eft = f_£_y_^^ = / c Y c-2a;-c ^ 



Since ^= when a = c, (7 = ^C7r( — — j ; 



(3) 



3. Assuming that r, the radius of the earth, is 3962 miles ; 
that the sun is 24,000 r distant from the earth ; and that the 
moon is 60 r distant ; find the time that it would take a body to 
fall from the moon to the earth, and the velocity, at the earth's 
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surface, of a body falling from the sun. The attraction of the 
moon and sun, and the resistance of any medium, are not to lie 
considered. 

4. A body falls in the air by the force of gravity; the resis- 
tance of the air varying as the square of the velocity, determine 
the velocity on the hypothesis that the force of gravity is 
constant. 

Let n = the resistance when the velocity is unity ; 

and ( ^ the time of falling through the distance s. 

Then /ij — j = the resistance of the air for any velocity ; 
and g = the acceleration downward due to gravity alone. 

Hence Q — f-i — ] = the actual acceleration downward ; 



<im 



; \dt) 



(2) 



Observing that the second member of (2) is of the form 
-, and integrating, we have 



-\(Sf 



log- 



(8) 






C= ; since t = when — [= vl = 0. 
From (3) , by principles of iogarithms, we obtain 
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Hence, as t increases, v rapidly approaches the constant value 



($i 



5. A body is projected with a velocity Vq into a medium which 
resists as the square of the velocity ; determine the velocity and 
distance after t seconds. 

Let fi = the resistance of the medium when the velocity 

is unity ; 

and s = the distance passed over in t seconds. 

Then jxl — j = the resistance for any velocity. 



d(^ 
Hence --5 = -;,^^], or _m = -/xcfo; 



dt 



.-. log— = — ft« + (7 = — /x« + logtJo. 

C = log Vo, since — - = v© when s = 0. 

dt 

Hence — /x» = log-^ — logVo = log/^— -*- Voj ; 

ds u^* ds Vq ,-x 

.-. — - -t- Vo = e-'**, or -— = -5-. (1) 

dt dt et"' ^ ^ 

Hence, the velocity decreases rapidly, but becomes zero only 
when 8 = 00. 

Integrating (1), and solving the resulting equation for «, we 
obtain 

8 z= -log(fiVot -\-l) . 
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G. A. body Blidea without friction down a given enrve ; re- 
quired tie velocity it acquires under the influence of gravity. 

Let mn be tlie given curve, fa a 
tangent at any point p, and fa = (/« ; 
tlien — FD = dji, and tlie acceleration 
cauHed by gravity at p eqiiaJs g cos ^, 
in which 4. = dpa (g 70, Ex. 2). 




dt \dt) 



'd^' 



If y„ he the ordinate of the starting-point on tlie curve, w = 
whenj/ = j/a, and C=-2gy^. 

When !/ = 0, v = yigy„, which is the velocity that the body 
would acquire in falling the vertical distance j/o (S 70, Ex. 1). 
Hence, wliatever be the curve down which, from any point p. a 
body slides without friction, it has the same velocity when it 
reaches the line ox. 



7, The base of a cycloid is horizontal, and its vertex is 
downward ; find the time of descent of a heavy bodj' from any 
point on the curve to ite 
vertex. 

Let the vertex o be the 

origin of eoSixlinates, y„ 

the ordinate of the alart- 

: ing-point p, and s the 

length of the curve reck- 




oned from that [joint, 
have 



Then, from the previous problem, we 



v = V-2g(y„~y) = 
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Since ds is positive, and dy negative, 

The equation of the cycloid referred to the axes ox and or is 



.i.y 



x = r vers" - + V2 ry — y^. 
r 



dx /2r — 



yy, 



•■•*=-(?+')'*-(t)'*- « 

From equations (1) and (2), we have 

^ _ _ /^2 r\h dy fr\h dy^ 



^ pry dy =^(r) 

\yJ V2a(yo-t/) W 



^ / V2gr(yo-y) w -y/yoy — f 

., ,=_f!:yvers-^+a 

Since 1 = when y = i/oi 

... .=C-)'('-— y!)^ 

/. ^ = 7r( — ] , when y = 0. 

Hence, the time required to reach the lowest point o will be 
the same, from whatever point on om the body starts. Hence, 
if a pendulum swings in the arc of a cycloid, the time required 

for one oscillation is 2 7r\j — The time of an oscillation being 

independent of the length of the arc, the cycloidal pendulum is 
isochronal. 
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COH. To find the time of descent along any other corre, we 
would obtain from its equation the value of ds, subatitute this 
in equation (1), and integrate between the proper limits. 

8. To find the length and equation of the Catenary. 

Let NOM represent the form assumed bj- a chain, or perfectly 
flexible cord, of nuiform aection and density, when suspended 
from any two flsed points m and s ; 
then is nom a catenary. Let o, the 
lowest point, be taken as the origin. 
Let s denote the length of any arc ob ; 
then, if p be the weight of a unit of 
length of the cord or chain, the load 

I 3/ suspended, or the vertical tension, at 

j^ 25^ B is sp. Let the horizontal tension be 

op, the weight of a units of length of 

the chain. Let bd be a tangent at n ; then, if bd represent the 

tension of the chain at b, be aud ed will represent respectively 

its horizontal and its vertical tension at B. 

Henai, *^!5 = E_1 n) 



■■€ 



d,(/1_ Vife'-dar' . 



= aC ^ =alc 



Since a; = when s = 0. C = 



s + ^a' + i?)+C. 



Solving (2) for s. 
ured from o, 



e have, for the length of the curve n 
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To find its equation, we have, from (1) and (3), 
da? ^^ ^ 

Since y = when a? = 0, (7 = — a. 

X X 

is the equation of the catenary referred to ox and or. 

If o'o = a, and the curve be referred to the axes o'x' and 
o't, its equation will evidently be 



CHAPTER VI. 

INDETERMINATE FORMS. 

77. When, for any particular value of its variable, a function 
assumes any one of the indeterminate forms, 

2, _??, 0.00, 00-00, 0^ ooS 1±-, 
00 

the function, in the usual sense, has no value for this value of 
its variable. What we call the value of the function for this 
value of its variable is the limit which the Hmction approaches, 
as the variable approaches this particular value as its limit. 

Often, when a function assumes an indeterminate form, its 
value may be found by algebraic methods. 

Examples. 

1. Evaluate ^^1 ; that is, find ^^™\* [^^1- 

or — IJi ^— ^ \jr — 1 J 

In general, 

aj2_i a;-f-l ' 

. Umit ( "a?^-! "] _ limit fVjf»+J"| _ 3 



2. Evaluate (^-^)n 
In general. 



(a? — ct) ^ __ (a?— a)A (x — a)-^ ^ 

(a:2-.a2)i"(a._a)A(a;-f a)*" (« + «)*' 

. limit r (a? — a)* "| _ limit r(a;— a)A" [ _ ^ 
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3. Evaluate («'-»')*+ (a-») 1 . ^^^ V2E . 

{a-x)i + {a>'-a?)ij, l+aV3 



Evaluation by Differentiation. 

78. To evaluate — i^i or ^ , , when it aaaumes the form -• 

^(a)' ^(x)J. •' 

liMt^pC^+^-/Mj=/-(a,), ■ Ex.l,p.39. 



Ax 



and ^\ r<l>{x + Ax)^<l.{x)l ^ , . . 

. limit [fix + Aa?) -/(a?) " ] ^ /^(a?) . . 

"-^=0L^(aj4-Aaj)-^(aj)J ^'(a;) ^^ 

Substitatiiig a for a? in (1), and remembering that /(a) and 
^(a) are each 0, we have 



imit rf(a + ^x) lf(a) ^^f(a)^f'(a) 



limit 
Ax 



If /'(a) = 0, and ^'(a) is not 0, iM= o. 
K f(a) is not 0, and ^'(a) = 0, 4^ = »• 

If /'(«) = 0, and ^'(a) = 0, "^ /> ' ^ also assumes the indeter- 

^ W 

minate form - • Applying to it the preceding process of reason- 
mg, we have 

f'(a)^f"(a) 
</.'(a) ria) 

If this also assumes the form - , we pass to the next deriva- 
tives, and so on, until we obtain a fraction both of whose terms 
do not equal 0. 
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Examples. 



Evaluate 



1. 



]og 



X 






n 



log 

X 



2. 



1 — cos X 



>ga? 1 _ . . log£l _ X 

-ijro"-a.-ijrT 

1- 



=1. 



§78. 



1 — cos X 



aP 



Jo 



0. . 1 

0' ••" 



— COS a? 



a? 



n __ sin a?" ] __ cos a? "] _ 1^ 
Jo"" 2a; Jo" 2 Jo" 2 



3. 



4. 



5. 



6. 



7. 



af-lj; 



af 



a- 



^718. -. 

n 



2. 



sin a; 
e* — e* — 2a; 



I 



x — smx \q 



X Jo 

- 8in~^a; "| ^ 
sin^a; Jo 



a; — 



2. 



I a 
log-. 



1 
6 



79. To evaluate -XJ- , w^en lY assumes the form — 



<^(a) 



00 



imit r/(a;)" | _ limit 
' = «L^(a;)J ^ = « 



limit 

X 



~ 1 " 
1 

L/(«)J 


__ limit 


~d 
dx 


■" 1 1" 


d 
dx 


- 1 

L/wJj 



; §78. 



. limit r/M1= limit r r/(«)? . *:mi 



(1) 
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Since, when the limits of two variables are equal, the limits 
of their equimultiples are equal; we have from (1), by multi- 



^''*M^y 



imit r /(«) "] _ limit f /'Cig) "] 



limit 

X 






Cob. From § 72, Cor., it follows that, if a function assumes 

the form — for a finite value of the variable, all the functions 

obtained by the formula given a.bove will also assume the form 
— . Hence, to evaluate the function, it is necessary to trans- 

00 

form the original function, or some one of the derived functions, 
so that it will not assume the form — for this finite value of the 

00 

variable. 



Examples. 



Evaluate 



1. 



logo; 



cosec X Jo 



, 



log a? "I — 00 , 



cosec a? 



r 



logo; 



00 



cosec X 



].- 



1 

X 



cosec X cot X 



2. 1^^1. 

xf 



__ — sin^aTI __ — 2 sin x cos a?"] _ 
"" X cos a? Jo"" cos a? — 0? sin a?Jo"~ 1 "" 

1 



0. 



Ans. 0. 



1 



Ans. 0. 



8. 



cotaf l 
logajj, 



00. 



5. 



tana; 



tan 3 a; 



Ui- 



8. 



80. The forms 0*oo and oo — oo. Functions of x that assume 
the form • oo or oo — oo for a particular value of a;, may be so 
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QO 

transformed that they will assume the form - or -r- for the same 

value of X. Hence they can be evaluated by the previous 
methods. 



Examples. 



Evaluate 
1. 2* sin 



m — • 
2' 

-J 00 



sm 



a 



a 



Since 2*sin-— = 



)-x 



and 



. a 
sm-— 

2* 
2-^ 



= acos-|^|=a; .-. 2- sin ^ | = a. 



2. (l-a;)tan^"| • 

Since (1 — x) tan-— = , 



cot 

2 



and 



l-OJ 



cot 



TCX 



- cosec* — 
1 2 2 



= -; .•. (1 — a;) tan 

IT 



2jr^' 



8. [sec X — tan x\ j^ . 



Since secrc — tana; = 



sin X 1 — sin a? 



cos a; cos a; 



cos a? 



and 



1 — sinaTI cosafl a r ^ t 
= =0; .*. [seca? — tana?Ji,ss 

cosa; Ji„ sinajj^ 



0. 



|_a^-l a-lji 
\\o%x logajji 



2 



-1. 
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81. The Forms V, acP, and 1=*^*. When, for any value of x, a 
fanction of re assames one of the forms, 0", oo°, or 1=*=", its loga- 
rithm assumes the form, ±0»oo, and the function is evaluated 
by evaluating its logarithm for this particular value of x. 



1. Evaluate af]o. 
Since logaf=a;loga? = 



Examples. 



X 

T"' 



logo; 



and 



X 



1 



logaj_ 



-Oogamy 
1 

X 



2 log X 
"" 1 



X 



Jlo 



2 

X 



_1_ 



-^]r- 



.-. log af]o = 0, or af]o = 1. 

2. aj^'^'jo. 

Since log af^'=z sin x log x = — ^^ — i 



cosec X 



and 



logo; 
cosec X 



1- 



1 



cosec X cot « 

dn X cos a?" 1 __ A . 
— a; sin ajo 

.-. logaj^']o= 0, or af^»]o= 1. 



__ — sin^a?~| 
b"" a; cos a? J, 



--2 si n 
cos a; 



8. sinaf*"*]o. Arts. 1. 



4. sin «**"*] j^. ^ws. 1. 



82. Compound Indeterminate Forms. When the given func- 
tion can be resolved into factors, some or each of which assumes 
tlie indeterminate form, each factor may be evaluated separately. 

Thus, if the fiinction be i^ziHi^B!?"] , we have 

i^ Jo 



IimBTBRMINATB FORMS. 
()f-l)tan'ii! "| /' taoa!V(^ — 1)" | 

» J. I J. 



— i= — J."S' 




83. Evaluation of IkirivativM of Implicit Fnnotioiu. If im 
eqaatioQ containing x and y is solved for y, y is an explicit fbnc- 
tion of a; ; if it is not so Bolved, y is an implicit fimctioD of n. 



EXAMPLES. 
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When y is an implicit ftinction of a?, its derivative, though 
containing both x and y, is a function of x. Hence, when the 
derivative assumes an indeterminate form for particular values 
of X and y, it can be evaluated by the previous methods. 



Examples. 



1. Find the slope of aV - a^«^ - a?* = at (0, 0). 

Here --^ = 1 = -, when a? = v = 0. 

dx 2a^y ^ 



Hence 



^Jo.o 2a2y Jo,o 2a^^ 

dx 

rJ^Y] =l,or^1 =±1. 



2. Find the slope of ^ = oaj* — «* at (0,0). 
dyl 2ax — 3ar\ 2a — 6a;" 



dy 
dx 



_ 0,0 w^'J 0, 



Here 



^1 = 
dxjo,o 



3f 






dx 



J 0,0 



"WJo.o 6y Jo.o 



00, or 



dy 
dx 



Jo,o 



± 00. 



8. Find the slope of «» — Soajy + 2/» = at (0, 0). 

-4n«. -^ =0 and oo. 
dxJo,o 



4. Find the slope of x* — a^xy -f 6Y = at (0, 0) . 



Ans. 



^1 = 
da;Jo.o 



and 



_ 



5. Find the slope of (y^-f a?*)^- 6 aa^- 2 aar»H-a»a^ = at 
(0,0) and (a,0). ^^- 



^n«. 



^1 =±»;^y1 =±i. 
(tej,,« *bJ.,, 2 



CHAPTER Vn. 
DErELOPHENT OF FCNCriOKS IN SERIES. 

84. A Series is a succession of terms following one another 
according to some determinate law. The sum of a finite series 
is the sum of all its terras. An infinite series is one the number 
of whose terras is unlimited. 

If tlie sum of the first n t«rma of an infinite series approachea 
a dcfluite limit as n increases indefiaitely, the aeries is Con- 
Ter^ent ; if not, it is Divergent. 

The limit of the swni of the first n terms of an infinite con- 
vergent series, as n increases, is called the Smu of the series. 
An infinite divergent series has no definite sum. 

86, To Develop a fuuction is to find a series, the sum of 
which shall be equal to the function. Hence the developme-iU 
of a function is either a finite or an infinite convergent series. 

For example, by division, we obtain 

i^= 1 +X-|-a*-)-33*+ -. +.7!" '. 

This finite series ia evidently the development of —^ — for 
any value of x. 

Again, by division, we obtain 

Hence — — is the difference between ■- and the sum of 

the first It terms of the series. For a:< + l and >— I, this 
difference evidently =0 as n increases, and the series ia the 
development of the function. But for a; > + I or < — 1 , tins 
difference increases numerically as n increases, and the aeries is 
not the development of the function. Thus, the series equals 
the function for a; = J, but not for ai = -(- 2 or — 2. 
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86. Taylor's Formula is a formula for developing a function 
of the ema of two variables in b. ecries of tcmts arranged aocorrl- 
ing tu ihe ascending powers of one of the variables, with coeffi- 
cients that are functions of the other. 

A general symbol for any fuuelion of the snm of x and t/ in 
f(x + j/), of which {x + y)', \og{x+y), a'*', ain(x + y), etc., 
are particular forms. 

87. To produce Tayloj^s Formula. 

We are to find the values of A, B, C, etc., when 
f{x + y) = A + By + Cf + D!f' + Ey' + -, 

in which A, B, C, D, etc., are functions of x, but independent 
of J/, the series being finite or convergent. 

Let 3^ 1>e any value of «, and A\ B', C\ etc., the corres(K)nd- 
ing values of A, B, C, etc. ; then we have 

^^_ f{3!'+ y) = ^'+ B-y + C'f + D'f + EY + ■■ 
^^■-■. /'(ie'+y) = -»'-+• 2 G'i/ + 3fly+4Ey+..., 
^^P /"(*'+3/) = 2C"+2.3B'j/ + 3.4.By + ..., 
^^^ /"'(a!'+y) = 2.3i)'+2.3.4£'y + -> 
^^r /"■(3!'+y) = 2.3.4£'+....etc. 



These equations, being true for all values of y. 
yn O (§ 6) ; hence we have 

f"{x') = \^D\ r'{x')=\A_E\ etc. 
hiving these equations for A\ B\ C, etc., we have 



(1) 
(2) 
(31 
(■t) 
(5) 
tme when 



|3 



c'=-(:l^. 



_/"' 



li 
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Snbstitutiog these valueB in (1), ire obtain 



Since the eoefflcientB in (6) are equal to f{x), f\x), f"(x), 
etc.. for x = x', and since x' ia any value of x, we have, in 



A' + J) =/(■>) +/'(■')» +/" W ^ +/"'(«) 1^ 



+/"Wf- 



This development of /(ai + y) was flret published in 1715 by 
Dr. Brook Taylor, from whom it is named. 

88. When x'= 0, equation (G) of § 87 becomes 

A'J) =/(0) +/'(0)y +/"(0) ^ +/"'C0) ^ 

+/"(0}-f + - (7) 

in which /(O), /'(O), etc.. are the values of /(.»/) and its auc- 
ceBBive derivatives when y — 0. 

Letting x represent the variable in (7) , we obtain 
/(^) =/(0) +/'(0)x +/"(0) 1^ +f"(0) ^ 

+/'°(0)^ + - (B) 



Equation (B) , called Maclanrin's Formula, ia a formula for 
developing a function of a single variable in a series of terms 
arranged according to the ascending powers of that Tariable. 
with constant coefficients. 



THE BINOMIAL THEOKEM. 



The completioD* of Taylor's and Maclaurin's formulas wi 
deferred until we have applied them to the development 
few functions. 

89. To develoi> (x ^-j')", or to deduce the Binomial Theor 

Here f{x + y) = {x + y)'; .■.f{x) = jr. 

f{x) = j>wr-', f"{x) = m(TO - 1 )^-\ 

/"'(a;)= m(m — l)(«i-2)3!--«, etc. 

Substituting these values in Taylor's formula, we have 



ill be 
of a 



4 



(a; + ;/)- = 3:" + msT 'y H 



"^ 



li). 



Hete /<« + J) = l0B.(»: + j)! .-./(»:)= log.ai. 

Substituting these viilues in Taylor's formula, we have 

wliich is the logarUhmio series. 

Cor. If nj = I , and m — 1, we have 

whicli is the Naperian logarithmic series. 

• The Beriea obtained by applying Tftylor'a or Maclaurin's formula, ae 
KiTen above, to an; given fonction may ur may not be llie dovelopmenl of 
tlml function, Th^ir complite forms, liowever, enable u» lo detennine what 
f untliona can be developed by ihem. 
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91. To develop a^+^. 

Here f{x) = a', /'(») = a* log a, etc. ; 

.-. a^y = a* 1 + log a^ -h (log a)^^ + (log a)«-^ + ...T 

92. To develop (a -|- x)" 6y Maclaurin's Formula. 
Here /(a?) = (a+a?)~ ; .^ /(0) = a~. 

/(a;) = m{a+x)'^^ ; .-. /'(O) = moT-^. 

f\x) = m(m-l) (aH-a;)~-2 ; /. /"(O) = m(m-l)a"' 
etc. etc. 

Substituting these values in Maclaurin's formula, we have 

93. To develop sin x. 
Here f{x) = sin a; ; 

/'(aj) = cos a;; 
^"(aj) = — sina;; 
^'"(aj) = — cos a;; 
/»^(a;) = sin a;; 
/^(a;) = cosa5; 
etc. 



•. /(0)=0. 

•• /'(0) = i. 

,-. /"(O) = 0. 
•./"'(0) = -l. 
•./"(0) = 0. 

•. r(o)=i. 

etc. 



Substituting these values in the formula, we have 

/*.3 /yP rttl nt^ 

94. To develop cos x. 

^ ^ ^ 3.8 

2 ^^ [6_^[8_ 



This result could be obtained by differentiating the value of 
sin a; found in § 93. 
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« 

96. To develop a^. 

a» = 1 + loga^ + (log ay^ + (log a)'^ + ..., 

1 [^ . [3_ 

which is the exponential series. 

Cor. 1. If a = e, the Naperian base, we have 

Cor. 2. Putting a; = 1, we have 

11 LL 11 ^ 

Hence c = 2.718281 + . - 
96. To develop %^ ( 1 4- x) . 

10g.(l-f «) = W^a;-y + y--|-+y \ 

which is the common logarithmic series. 
If m = 1 , we have 

which is the Naperian logarithmic series. 

In § 104, this development is proved to hold only for values 
of X between —1 and -f-1 ; hence, in this form, it* is useless for 
the computation of Naperian logarithms of numbers greater 
than 2. We therefore proceed to adapt the Naperian logarith- 
mic series to the computation of logarithms. 

Substituting — x for x in (1'), we have 

log(l-a;) = -a?- — - — - — -i^ (2) 

""^ ^ 2 3 4 5 ^ ^ 

Subtracting (2) from (1'), we have 

log(l + a;) -. log(l - «) = 2 ^a; + 1^ + ^ + ^ + ...Y (3) 



(1) 
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' — ; and, for any positive 

value of a, :)!< 1. 

Heaco log{l +»)^log(l-a;) = logC^ + l) -loga. 
Substituting these raluea in (8), we have 
lt^(z + l) — logs 



-fc 



T+S 



:■+■■ 



(4) 



V22+1 3(20+1)- 5(2j+1)' 
Equation (4) is true for any positive value of s ; and, sioce 

the aeries convei^es rapidly, log(z +1) can be readily compated 

when ioga is known. 
Putting 2 = 1 in (4) , we obtain 

Summing six terms of this series, we find 

log 2 = 0.693147+. 
Pntting 2 = 2 in (4) , we have 

log3-.og2 + 2(l+ij + ^ + ^ + ...) 

= 1.098612+. 
log 4 = 2 log 2 = 1 .386294+ . 
Putting 8 = 4, we obtain 

log 6 = log 4 + 2 A + — „ + — ,H — ^+ —^ 

= 1.6094379+. 
log 10 = logo + log2 = 2..W2.585 + . 
In this way we can compute the Naperiap logarithms of all 
numbers. 

Cor. 1. Letting m. and m' be the moduli of two systemB of 
logarithms whose baaes are a and a', from (1) we evidently 

log. (! + '') ,». (6) 



have 

log,.Cl+a;) 
in wlflch x lies betwe* 



- 1 and +1, 
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To prove that the principle in (5) is trae for all numbers, let 
log.(l + «) = !£, and log..(l + x) = fo; 

then or = (1+ a) = a**, or a'= a^; (G) 

and I2g41±^=if.. (7) 

log.'(l+a) to 

Again, y being any number, let 

log.y = Zj and log..y = v ; 

M 

then a'^y = a'*, or a'= a' ; (8) 

and l2S^=£- (9) 

log..y V 

From (6) and (8), 



u z 



ar=:a% or J^=l. (10) 

From (7), (9), (10), and (5), we have 

loga-y log«'(l + a) m' 

Hence, ^^e logarithms of the same number in different systems 
are proportional to the moduli of those systems. 

CoR. 2. If, in (11) of Cor. 1, we let a'= e, we have 

?7l'= 1, 

and log,y = mlogy. (12) 

Hence, ths logarithm of a number'- in any system is equal to 
the Naperian logarithm of the same number multiplied by the 
modulus of that system. 

Cor. 3. If, in (12) of Cor. 2, 2^ = a, we have 

1 
m =. • 

log a 

Hence, the modulus of any system of logarithms is the recipro* 
cal of the Naperian logarithm of its base. 
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In the Common system, a = 10 ; 

hence m^^— = ~ -=.434294+. 

log 10 2.302.',85 



97. Taylor's formula evidently fails to develop f(x ■+■ y) for 
a; = a, if/(o) or /"(a) is infinite, while n remains finite; while 
Maclaurin's fails to develop /(a:) for any value of x, if /(O) or 
/*(0) is iDflnite for n finite. 

For example, by Taylor's formula, we have 



When a;= 6, (1) becomes 

Hence the formula fails to develop {k — 6 + ,v) ' for x = b. 
By Maclaurin's formula, we have 

log3'=-cc + 3^. - :c + -.. 
Hence Maclaurin's formula fails to develop log x for any valuf 



98. To complete Taylor's and Mnolaiirin'a formulas ao that 
they shall enable ua to determine what functions can be devel- 
oped by them, we need the following lemma : 

Lemma. If t{s) is continvous betvxen x = a and x= b, ond 
i/f(a) = f(b) = 0, theii f'(x), if amtinttous, must equal zero for 
some value ofs. belweeii a and b. 

For, if /(k) is continuous, and /(a)=/(6) = 0; then, as x 
changes from a to 6, fix) must first increase, and then decrease i 
or fii'st decrease, and then increase ; hence f'(x) must change 
from -f- to — , or from — to 4-, and tbei'efore, if oontinuoua, 
pass through 0. 
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99. Completion of Taylor's and Haolaarin's Formulas. To be 

the developmeut ot f{x+y). Ihe SKiiea iu Tayloi'a formula must 
he finite or infiuite auti convei^eot (§ 85). 

Let P-— be the difference between /(xfi-y) and the gum of 

the first n terms of the aeries j then we have 



I 



+ -+/-(^)p 



We proceed to find the value of P. 

Letting i/ = X — sein (1), and transposing, ■ 



,+''f 



/(JC)-/W-/'W- 



-/"'(«) i 






AS-':)- 



Let F(z) represent the function of z obtained by substituting 
for X in the Brst member of (2) ; then 



■f W =/(i-) -A') -/'(«) -^ -/" W 

_..._/.-.w(4=^'-/.li 



-1 



[2. 




(3) 



Subatitnting X for a in (3), we obtain F(X) = 0. 

From (2) we see that the right-hand member of (3) is for 
z = x; hence, by substituting x for z in (3) , we obtain F{!c) =0. 

Differentiating (3) to obtain F'(z), we find that the terms of 
the second member destroy each other in paira, with the excep- 

n of the last two, and obtain 
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F\z) = 



- 1 



-1 



: 



Whence, P=f(z) when J"(z) = 0. Since F(z) = when 
z = X,,and also whqi z—x, F'{z)=0 for some value of z 
between X and x (§ 9S). Now, b}- giving to fl some value be- 
tween and +1, any valne between x and X can evidently be 
represented by x-\-${X — x). 

Hence, i'=/"[a + ^(5-3;)]=/-(ai + 0;,). 
Substitnting this value of P in (1), we have 

which is one complete form of Taylor's formula. 
Cob. Letting x= 0, and putting x for y, we have 

/W =/(0) +/'(0)i +/"(0)^ +/"'(0) ^ + - 



which is one complete form of Maclaurin's formnla. 

100. If we had let Pip be the difference between f(x+y) and 
the sum of the first ii terms of the series in Taylor's formula, 
we should have found 



Hence a second complete form of Taj'lor's formula is 



/C« + y)=/W+/'(')f+/"W,f + ■■■ 



. (!-«)— y 



TAYLORS ASD MACLAURIN S FORMULAS. 



Coii. 1. The eorrea poll ding complete form of Madaui-ii 
formula is evidently 



w 



+f\ex)^ 



All that we know of $ in any of tliese formulas is that itw 
value lies between and +1. 

CoK. 2. If, on applying to a given ftinction any one of these 
completed formulas, the last term becomes 0, or approaclica 
as its limit, as n increases, the formula evidently develops this 
function ; if not, the formula, fails. 



101. ^ince ^ =2 . ^'L- • and s 



B s^ is very small when t/ 



part of its preceding valni 
Hence f- = 



0, when y is finite and n mcreoaea indefinitely. 



CoK. 7/T(x) dues not become infinite witli. n, Taylor's <iiid 
Madaurin'a formulas give the true development of {(x + j) and 
f(x) respectively. 

102. To prove that Madaurin's formula develops a". 
Here /-(a;) = (loga)~a' ; .-./-(fla!) = (log a)"a«», 



and ri6x)±. = . 

Since a'" is finite, ai 
nitely (§ 101) ; 



1<^^"^")" = 0. 



i, and the formula develops the function (§ 100, 
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103. To prove that Maclaurin'a formula develops ainx and 
coss. 

The nth derivative of each of these functions is finite, how- 
evei- great n may be ; hence Maciuuriu's formula develops Ixith 
of tbem (§ 101, Cor.). 

104, To determine for what valves of \. Jfaclaurm's formula 
devi-lops io^(l + x). 

The formula gives (g 9C), 



(-1)-'^ 



log{H-a:) = -^ — -f — -— , 
^^ ' 1 2 3 4 n,-l 



The ratio of the nth term to the term before it evidently 
approaches —hi as ii increases. Hence, if x is nuniericallj* 
greater than 1 , the series is divergent, and cannot be the devel- 
opment of log(l + a;). We need, therefore, to examine the 
value of the last t«rm of the formula only for vultiea of x be- 
tween — 1 aud +1. 

(-1)" 




For values of x between and + 

each approaches as n iDoreases ; hence the formula develops 
I<^{l + a!) for these values of x. ■, 

When X lies between and — 1, let x, represent its absolute 
value ; then x^= ~- Xi, and log(l-f-3^) = log(l — x,). 

Using the second form of the formula, we have, numerically. 



=(S 
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Foi- values of a;; between ami +1, --■ '- - is finite, and 

/X|— — Kj\ approaches as w increases. The formula there- 

fore develops li^ (1 + x) when x lies between and —1. 

Hence, Maclaunn's formvia develops log{ 1 + x) for values of 
X between —1 and +1. 

106. To determine for whai values of x Macluurin's formula 
develops (l + x)". 
The formula gives 



m(m-l)-(m-»+I) ^ 



If mis a positive whole number, /"(^k) — =0 when 7i=m-fl; 

hence, in this case, Maciaurin's formula develops {1+ a:)" iu u 
finite series of m + 1 terms. 

If VI is negative or fractional, the series is infinite. The ratio 
of tUe ()i + l)tL term to the jithia — ~ — iLx, which app readies 
— X &B n Increases. The series therefore is divergent, and can- 
not equal (1 + a;)" when a; is numerically greater than 1. Hence 
we need examine the value of the last term of the formula only 
for values of x between +1 and —1. 



Here r{x) = "'("^ - l)-"(' 



(1+^r 



n + iXk±xr. 



^^Wiier 



^{m— 1)-"(« 



='^''](ri;)"<'+''^'-- 



When a; lies between and I, (1 +fla;)" is finite, 
and ( 1 = 0, as )i increases Indefinitely. 
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e of 1 ia the number of terms mnltipltea the factor 
in l>raeket9 by — ^^ic, which approaches — a; as n increases. 
Hence tbe last term of the formula approaches as n iDL-reasea ; 
and the formula develops (l-f-iE)" for values of x between 
and +1. 

Using the second form of the formula, we have 






For values of x between and 

I approaches as n increases ; and 



1 (1+"^)" 



■ease of 1 ia 



\1 + Sx_ 

the number of terms multiplies the factor in brackets by x, 

which approaches — ar as ji increases. Hence Madaurin's for- 
mula develops (l + a;)"" for all values of x between — I, and +1. 

106. The Binomial Theorem. Since (a + x)'' = u''fl + ^'', 
iind . ( ] -|. - [ can be developed by Maclaurin's formula, when x 
is numerically lesa than « (§ 105) ; therefore, in this case, 



(<.+«)-= 



-+>. 



11 



a—x'+- (1) 



For like reason, when x ia numerically greater than a. 



Henee one, and only one, form of the development of (a + a:)" 
holds for any set of values of a and x. 
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107. To develop ton~^x, and find the value of v. 

When X lies between —1 and -|-1, 
1 -t"^ 

•••/t^ => -/^'^ +/^'^ -J*''^ 



§105, 



+ 



I a^dx — 



Hence, if a; is numerically less than 1, 

tan-^a: = a:- — -f-y-y + y (1) 

(7 = 0, since tan~^aj = when a? = 0. 

If we put aj=-^-, equation (1) becomes 

108. To develop «in~^x, aitdfind the value ofw, 

. _i , »* , l-3a^ , l.a.5af , 

2-3 2.4.5 2-4.6.7 ' 

when X lies between —1 and -f-1. 

,ir 1A,1,3, 5 , \ 
6 2\ 24 640^7168 / 

or, IT = 3.141592 + . 

It was by means of this series that Sir Isaac Newton com- 
puted the value of ir. 
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lOB. To prove geometrically that f (a + h) = f (a) + hf'(a+^h), 
„ f(x:) and f'(s) being condnuoas and finite be- 
tween s =a and x ^ a + h. 

Let pp'p" be the locus of y =/(x) , a = oa, 
and A = an; then /(") = ap = nm, and 
f(a + Ji) — iiF". The eui-ve must be parallel 
to tlie choi'd pp" at some point f' between p 
P^_2a^ and p". Now, ob = oa + Ab = « + 6ft, 6 hav- 

ing some value between and 1 ; 
hence /'(a-f-^'O = tan bdp'= tan mpp". 

.'. Mp"= PM tan Mpp"= kf'{a + $k) ; 
.■./(a + /0 = K.M+Mp"=/{«) + ft/'(c+eft)- 



Develop (a' + fcx')*. 

^2a Str' 16tt' 

2. Prove that tan :c = .i;+~+^ + ■■- 

3. Prove tbatBeeiC=l + — + — +^i^+... 

2 24 720 

4. Givea. f(x)=2!if — 3s?+ix — S, to find the value of 
f{x + 7i) , h beuig a variable increment of x. 

Here /(a;) of Taylor's formula ie 

2a;* — 3!B* + 4a! — 3, andy = A; 
.: f'{x) = 6x'-6x + i, /"(it) = 12a! -6, 

/"'Ca!) = 12, and/"(*) = 0. 

.■./(x + h)^2T^-^3x'-h-ix-3 + (Gx'-6x + i)h 
+ (6a:-3)A= + 2P. 

5. Given /(a:)-2a;'-3!B, to ftnd/(a! + A). 



EXAMPLES. Ill 

6. Develop sin (x + y). 

\ 12. 11 il J 

V 11 li. \L J 

= sin a; COS yH- COS 05 sin y. §§ 93, 94. 



7. Prove that cos (x + y) = cos x cos y — sin a; sin y. 

a^ . 4a;* 31a^ 

li. 11 11 



8. Prove that e«>-' = eA-;^ + ^-^'4- 



• • • I • 



/*•* /j«3 /*•» 

9. Prove that 1(^(1 -f- sin aj) = a? 1 [-••• 

6V -1- / 2 6 12 

10. Develop e--'. e^«= l + aj-f |^-^^ + ?|^-^ + 

11. Develop 



V6' - c^aj* 



12. Develop o^e*. aJ8€» = ar^4.aj»-|-.^ + .^-|- 



CHAPTER VIII. 
lUXiaU. AKD MINIKA. 

ilO. A maximiun value of a function of a single variable ia 
a value that is greater than its immediately preceding and suc- 
ceeding values. A minimmn value is one that is teas than its 
immediately preceding and succeeding values. 

Therefore, if we conceive a! as always increasing, f{x) must 
be an increasing function immediately before, and a decreasing 
function immediately ajler, a maximum ; also, immediately he- 
fore a minimum, /(a;) is a decreasing, and immediately after 
an increasing function. 

Hence, t'(x) is positive before and negative after a n 
o/f(x), and negati/oe before and positive after 

HI. From g 110, f{x) must change its sign as f{x) passes 
through either a maximum or a minimum. But, to change its 
eigu, f(x) must pass tiirough or <k. 

Heuce, any value of x that renders f(x) a maximum, or a 
minimum is a root of f (x) =^ or f'(x)= o=. 

The converse of this theorem is not true ; that is, any root 
of /'(a!) = or 00 does not necessarily render /(a) a maximum 
or a minimnm. These roots are simply the critical values of x, 
for each of which the function is to be examined. 

To illustrate geometrically the preceding definitions and 
Y principles, suppose a'h' to be the locus 

of y = f{x) . Then, by definition, aa', 
cc\ and ee' are maxima, and bb' and dd' 
are minima of f{x) . In passing along 
the curve from left to right, the slope 
of the curve f(x) is positive before. 
"^' "' and negative after, a maximum ordi- 

nate ; and negative before, and positive after, a nuntmam 
ordinate. 
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Moreover, at a poiDt whose ordinate f{x) is a maximum or 
a minimum, the curve is either parallel or perpendicular to the 
axis of x, and therefore f'(x) = or a>. 

At x = oh, f'{x) = 0, but/iA' is neither a masinmm nor a 
minimum of /(^). 

112. Whether any one of the critical values of a; renders /(a;) 
a maximum or a minimum can be determined by one of the 
following methods : 

FinsT Method. In this method we determine directhj whether 
f'{x) changes from positive to negative, or from negative to 
positive, as x passes through a critical value. 

Let n be a critical value, and h a very small quantity. In 
/'{x) substitute a — h and a + h for x. 

If /*(« — /() is positive, and /'(a + ft) negative, 

f(_a) is a maximum. g 110 

If /'(a — ft) is negative, and /'(a + A) positive, 

/(a) is a minimum. 
ITf'ia-h) and /'{n + h) have the same sign, 
/(a) is neither a maximum nor a minimum. 

Second Method, This method applies only to the roots of 

f'{x) = 0, Let a be a critical value of x. Developing /{x—Ji) 
and f{x + h) by Taylor's formula, substituting a for a;, trans- 
posing /{«) , and remembering that /'(«) = 0, we have 

(1) 

/(o+S)-/(»)=/"(")|^" +/"'(o)|+/"(o)|+... (2) 

t k be taken very small, the sign of the second member of 

TiBier (1) or (2) will be the same as the sign of its first tenn. 

Hence, if f"{a) is negative, /(a) is greater than both /{a —k) 

and /(a+ft), and therefore a maximum; whUe. if /"(a) is 

pitive, f{a) is less thxui both f(a-h) and f{a + h). and 



114 MAXIMA AND MINIMA. 

therefore a minimum. If /"(a) is 0, and f"'{a) is not 0, 
/(a) ia neither greater tliau hothf{a — h) and /(a + ft)' "or 
less than both, and is therefore neither a maxiaium 
miim. If /"'(a), as well aa/"(a), is 0, aQd/"(n) ia negative. 
/(«) ia greater than both /(a — A) and/((i + A), and therefore 
a maximum; while, if /"(a) is positive, J\a) ia a iniui 
and so on. 

Hence, if a, is a critical valve obtained from f'(x) = 0, substi- 
tute a for X in the avccessive derivatives of f (x). If the Jirst 
derivative that does noi reduce to is of an odd order, f (a) is 
neither a maximu-m nor a minimum; but, if the first derivative 
that does not reduce toOis of an even order, f(a) ts « maximum 
or a minimwm, according as this derivative is negative or positive. 

113. Maxima and miiiima occur alternately. 

.Suppose that a < b, and that /(a) and /(6) are maxima 
affix). When x = a + A, f{x) is decreasing; and. when 
x=b — h, /(«) ia increasing, A being very small. But, in 
passing from a decreasing to an increasing state, f{x) must pass 
through a minimum. Hence, between two maxima, there must 

In liie manner, it can be proved that between two minima 
there must be* at least one maximum. 

114. The solution of problei 
sometimes facilitated by the following conaiderations 

(a) Any value of x that rendwra e-f(jr) 
being positive, renders f{x) a maximum or 

(6) Any value of x that renders lagayi^i) 
renders f{x) a maximum or a minimara, a being greater thi 

(e) Any value of x tliat renders ^i) 



((/) Any value of x that renders e-\-f{x') a 
renders f^jc) a maximum or a minimum. 

(e) Any value of i that renders /{x) positive, and i 
minimum, renders [TX')]" * maximimi or a minimum, n 
whole number. 
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1. Find what rahies of x rendo* 4jr'-- 15jr'+ 12x— 1 m 
maximnm or a minimum. 

Here /(x) = 4jr*- 15jr + 12x- 1 : 

.-./•(x) = 12 jr - 80x + 12, and /"(x) = 24x- 30 ; 

hence the roots of /•(x)= 12x*— 30x+12 = 0, which are ^ and 
2, are the crifico/ Talaes of x ($ 111). 

But /"(i) = [24x - 30]| = - 18, 

and /"(2) = [24x — 80], = -f-18; 

hence when x = ^. the function is a maximnm (§ 112), and 
when a; = 2, it is a minimum. 

2. Find the maxima and minima of a* — 9x* -f- 15 * — 8. 

Here /'(«) = 3x*- 18x-f- 15, and /"(x) = 6«- 18; 

therefore 5 and 1, the roots of /'(x)= 3x"— 18a?H-15 = 0, 
are the critical values (§111). 

/"(5) = [6»-18], = -M2, and/"(l) = -12; 

.•./(5), or [aj» — 9aj*-f-15a; — 3],, [= — 28]isamin., 

and /(I), or [a^ — 9a^-f-15a; — 3]i, [=4] is a max. 

Let the student constnict the locus of y = a;'— 9iB^-|-15x — 3, 
and thus exhibit these results geometrically. 

3. Examine o^ — 3as^+3a; + 7 for maxima and minima. 
Here /'(a;) = 3a^-6a?+3, /"(a:) = 6a;-6, and /"(a;) =6 ; 

therefore 1 is the critical value. 

But /r'(l) = [6aj-6]i = 0, and /'"(1)=6; 
hence the flmction has neither a maximum nor a minimum (§112). 

4. Examine «* — 5 a;* + 5a^ — 1 for maxima and minima. 
Here f(x) = a;* — 5a;*-|-5a»— 1; 
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f'(x) = 5af-203?+15x?, f"{x)=20it?-6Qx'+30x, 
"'(a))=(;03)'-120a! + 30; 
; 1, 3, and are the critical values. 

r(l) = -10,/(l)[=0]isatna.Timum. 
/"(3) = + 90, /(3) [= -28] is a minimum. 
/"(0) = 0, aDd/'"{0) = 30, 
/(O) IB neither a masimum nor a miaimum. 
5. Examine (x — ly (x + 2)' for maxima and minima. 
Here /'(»!) = (3! -l)»(a; + 2)'(7a! + 6), 
and the critical values are — 2, — 5, and + 1, 

In this example, the first method is to be preferred. By in- 



Since 

Since 
Since 



SpCCtlOQ, 



i see that 

/' ( — 2 - A) and /' ( - 2 + A) are botli positive ; 
heuce /(— 2) is neither a maximum nor a minimum (§ 112). 

/'(_^-7,)is+, and/'(-f + ;0i8-; 
hence /(-4) is u. maximum (§ 112). 

/'(1-/0 is -. ami /'(I + 70 is +; 
hence /(1)[=0] is a niii.imum. 

C. Examine b + c{x — a)i for maxima and minima. 

Here f'(x) = ^^— ; 

and the critical value is a, the root of /'(«)= oo. 
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and the equations f'{x) = and f'{x) = cc give -, -, and a as 
the critical values. 

By Inspection, we see that /'(a;) changes from negative to 
positive when * = 7i hence /f- J is amibiraum. But, as /'(a;) 
does not change its sign when x^a or -, /(a) aud/[-]are 
neither maxima nor minima. 



8. Examine c + V4a'ar' — 2ai^ for maxima and minima. 
By (d), (e), and (a) of S 114, any value of x that renders 



c+V4a'a^— 2aar'a 



r a minimum, renders 



Vi^M^^Ja^, 4aV-2(Ke», and 2aai'-3? 
or a minimum. 
\etf(x) = 2aa?-a?, etc. 



Ans. When x = Q, c-\- \/i uV ~2a3? is a n 

" x=|(t, " " is a maximum. 

9. What values of x render 2x^— 213::^ + .^fia: — 20 a maxi- 
m m or a mm>mnm. ^^^^ ^^^^ _^ ^ ^^^^ ^ ^^_^^^ ^^ ^ ^^^^ 

10. Examine 3iB' — 125a^ + 2160x for maxima and minima. 
Ans. /(— 4) and/(3) are max. ; /(— 3) flnd/(4) are min. 

11. Examine i«* — 3ie' + 6a:-(-7 for maxima and minima. 

Ana. It has neither a. max. nor a min. 

12. If /'{x) = x'{x-iy{x-2y(x-3)\ what values of x 



x(x + a)\a-x)*tor 



r. /(-a) and/f^j are max. ; /(-|J '^ 
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14. Examine -^— - for maxima and minima. 

oj-lO 

Ans. /(4) is a max. ; /(1 6) is a min. 

15. Examine ^ — (^ for maxima and minima. 

Ans, /(3) is a max. ; /(13) is a min. 

16. Prove that sin x -|- cos oj is a maximum when oj = — 

4 

17. Examine for maxima and minima. 



logo; 

Ans. 

loge 



Ans, is a min. 



18. Prove that af is a maximum when a; = e. 



TT 



19. Prove that sin «(! + cos x) is a maximum when a? = - 

3 

20. Prove that is a maximum when x = cos x. 

l-j-ajtana; 

21. Examine the curve y = a^ — 3aj* — 24a5 -|- 85 for maxima 

and minima ordinates. 

Ans, 113 is a max. ; 5 is a min. 

22. Examine y = a^ — 90* + 24aj + 16 for maxima and min- 
ima ordinates. 

Ans, 36 is a max. ; 32' is a min. 

23. Examine 2^ = 3?* — 3ar^ — 9a;-|-5 for maxima and minima 

ordinates. 

Ans, 10 is a max. ; — 22 is a min. 

24. Examine 2^ = a^ — 5aj*-f5a^-|-l for maxima and minima 

ordinates. 

Ans. 2 is a max. ; —26 is a min. 

25. Examine ^=sin^a;cos^ for maxima and minima ordi- 
nates. 

Ans, When a; = ^ tt, y = i^V3, a max. 
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Q«oraetric Problems, 

Find the altitude of the 
inscribed in a given right cone. 

Let IK be the cylinder inacribed 
given cone dab. Let rt=Dc, 6=ac, y=MC, 
X = iM, and V= the volume of the cylinder ; 
then V= ■^. 

From the similar triangles adc and n>H, 
we find 



y = -A<^ 




.■.v= 



x{a-:c)\ 



Wg. M, 



required. 

§ 114, ("). 
^ that of the cone. 



which IB the function whose maximum 
I-et /(K) = a:(a-ai)', etc. 

Ans. The altitude of the cylinder 

2. Find the altitude of the niaximnm cone that i 
inscribed in a sphere whose radius is r. 

Let ACD and acb be the semicircle and 
the triangle which generate the sphere and 
the cone. Let a; = ab, y = bc, and V= 
the volume of the cone ; then V= -jTa^- 

Since jr'=AB.BD = a:{2r-aj), ^«- =»■ 

which is tbe function whose maximum is required. 

Am. The altitude of the cone = ^ the radius of the sphere. 

3. Find the altitude of the maximum cylinder that can be 
inscribed in a sphere whose radius is r. 

Let X = AB, and ^ = be ; 

then V=2irxf=2'Kx{T'-x'). 

Ans. Altitude = 3rV3, 
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4. Find the masimnm rectangle that can be inacribed in an 
ellipBe whose semi-axes are a aod b. 

Arts. The sides are ova and 6V2 ; the area ^ 2a6. 



5. Find the noaximum cylinder that can be iDscribed ia an 
oblate spheroid whose semi-axes are u and b. 

Ans. The radius of the baae=iJaV6; the altitude = |iV3. 

6. The capacity of a closed cylindrical vessel being c, a con- 
stant, what is the ratio of its altitude to the diameter of its 
base, when its entire inner surface is a minimum? What is its 
altitude ? 

Let y equal the radius of the base, x the altitude, and S the 
entire inner surface ; then 



and S = 2 TTif -\- 2 iryx. 

From (1), 

^ = -JL. 



From (2), 




\x dx dx 

= when S is a minimum, &om (4) we have 



dx 2y -k-x 

From (3) and (5), 



Hence, as S evidently has a miiiimnm value, it is a minimum 
when the altitude of the cylinder is equal to the diameter of its 



From (1) and (G), 
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This problem m^bt b^w been solTed like those preceding it : 
that is. bj eliminating' y between (1) &ud (2) at Grst. In many 
problems, bowewr, the method giren in this example is much 
to be preferred. 

7. The capacitj- of a cvlindrical vessel with open top being 
constant, wliat b the ratio of its allitnde to the radios of its 
base when its inner sarface b a minimum? 

jina. Its altitude — the radios of its base. 

8. A square piece of sheet lead has a square cnt ont at each 
comer ; find the side of the aqnarc eat out when the remainder 
of the sheet will form a vessel of maximum capacitr. 

jiMs- A side = J tlie edge of the sheet of lead. 

9. Find the arc of the sector that mast be cat from a circular 
piece of paper, that the remaining sector may form the convex 

e of maximum volume, r being the radius of the 
.dn«. Thearc = 2jrr(l — iVfi). 

10. A person, being in a boat 3 miles from the nearest point 
of the beach, wishes to reach in the shortest time a place 6 miles 
from that point along tlic shore ; supposing he can walk 5 miles 
an hour, but row only at the rate of 4 miles an hour, required 
the place where he must land. 

Ans. 1 mile from the place to be readied. 

11. Find the maximum right cone that can 1>e inscribed in a 
given right cone, the vertex of the required coue being at the 
centre of the base of the given cone. 

^ns. The ratio of their altitudes is \. 

12. A Norman window consists of a rectangle surmounted by 
a semicirde. Given the perimeter, required the height and tlie 
breadth of the window when the quantity' of liglit admitted is a 
maximum. 

I. The radios of the semicircle = the height of the rectangle. 



cirde. 
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13. Prove that, of a!l circular sectors having the s»me 
penmcter. the sector of maximum area is that in frbich the cir- 
culnr arc is double the radius. 

14. Find the maximum convex surface of a cylinder inscribed 
in a cone whose altitude is b, and tbe radius of whose base is a. 

Ans. Maximum surface = ^-^afc. 

15. Find the altitude of tbe cylinder of maximum convex 
surface that can be iuscribed in a given sphere whose radius 
's T. j1„j. Altitude = 7-\/2. 

1(!. Find tlie altitude of the cone of maximum convex surface 
that can be inscribed in !v given sphere whose radius is r, 

Ans. Altitude = ^r. 

17. Find the altitude of the parabol.-i of maximum area that 
can bo cut from a given right circular 



Let OB = 2fi, 00 = a, and bm = a; ; 

CiQ'=2MQ= 2 VmB ■ MO 
Also. BO : BM : : OC : MF, 




Let f[x) = ^{2b — x),e.Ui. S lH- 

Ans. The [larabola is a maximum when its altitude mp is ^ 
the slant beight of tbe coue. 

18. What is the altitude of tbe maximum cylinder that con 
be inscribed in a given prolate spheroid ; that is, in a solid gen- — 
eratcd by tbe revolution of a given ellipse about its mujor axis!^ 
Ans. Altitude = tbe major axis divided by V3- 
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19. Find the nnmber of equal parts into which a given num- 
ber a must be divided that their continued product may be a 

maximum. ,,r.u i, e ,. ^ ^ -u ^ 

Ans. The number of parts = -, and each part = e. 

20. A privateer has to pass between two lights a and b, ou 
opposite headlands. The intensity of each light is known, and 
also the distance between them. At what point must the pri- 
vateer cross the line joining the lights, so as to be in the light 
as little as possible? 

Let (i = the distance ab, and x the distance from a of any 
point p on ab. Let n and b be tbe intensities of the lights a 
and B resijectiveiy, at a unit's distance. By a principle of 
Optics, the intensity of a light at any point equals its intenait\' 
at a unit's distance divided by the square of the distance of the 
point from the light. 

Hence 1 — — - — ; is the function whose minimum we seek. 

a? (_d — xy 

A^is X- '^"' 

21. The flame of a tamp is directly over the centre of a cir- 
cle whose radius is r ; what is the distance of the flame above 
the centre when the circumference is illuminated as much as 
possible ? ^ 

Let A be the Same p iny point on the circum- 
ference, and 1 = AC By a principle of Optics, 
the intensity of illummation at p varies directly 
ae sinOPA, and inveisely as the square of pa. , 

Hence — — is the function whose maxi- -^.. ^ 

('^+^)* siB.sa- 

inum is required, in which i is the radius of the 

circle, and a is the mttniitj of illumination at :i unit's distance 




a the flame 



Ans. x=Jj-V2. 



•i'i. On the line joining the centres of two spheres, find 
Uie iioint from which the maximum of spherical surface is 
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Let c/p = r, cp = i?, cc = d, and ca = «, a being any point on 
wiM. From a draw the tangents Ap and ap ; then the sum of the 

zones whose altitudes are nm 
and NM is the function whose 
maximum is required. 

Since cm,^ — , by Geometry 

we have 

zone nm = 2irr'nm = 27rr(r — cn) = 27rf r* ]• 

Hence 2 Trfr^ J^JR^^f--\ — ^"j"! is the function whose 
imum is sought. 




Aas, 05 = 



max- 



H+i2l 



23. Assuming that the work of driving a steamer through 
the water varies as the cube of her speed, find her most eco- 
nomical rate per hour against a current running c miles per 
hour. 

Let V z= the speed of the steamer in miles per hour. 

Then ai^ = the work per hour, a being constant ; 
and v — = the actual distance advanced per hour. 



Hence 



V — c 



= the work per mile of actual advance. 



Ana. i; = fc. 



CHAPTER IX. 

wcnorrs of two or bore tariarles, isb cnxKeE of 

THE ISDEPESDEST TARL4HLE. 

115. Tnnctioiis of two or more Variables Since any inde- 
pendent variable is some arbitrary- function of I. t representing 
time, a function of anj number of independent variables may 
be regaMed as a function of the single variable (, and therefore 
differentiated by the rules alread}- established. 

f{x. y), read "fnnctioo of x and y," represents any function 
of X and y; aa, a? + xy* + ir^ and sin(x + y) . 

/(as, y, a), read "function of x, y, and a," represents any 
faction of X, y, and 2. 

116. A Partial Differential of a function of two or more vari- 
ables is tUe differential obtained on the hypothesis that only one 
of the variables changes. 

117. A Total Differential of a function of tvo or more vari- 
ables is the differential obtained on the hypothesis that all its 
variables change. 

118. A Partial Derivative of a function of two or more vari- 
ables is the ratio of the partial differential of the fijiietiou to 
the differential of the variable that is supposed to change. 

119. A Total Derivative of a function of two or more vari- 
ables, of which only one is independent, is the ratio of the total 
difTerentiat of the function to the differential of the independent 
variable. 

If u = /(a;, y), the partial differentials of u with respect to 

X and y are written d^v, and d^u, or -J^dx and ■t~'^'J'' '^'"^ ^^ 
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partial derivatives, or differeotiat coeflicients, are written 
- and — • 

120. The total differential of a funt^ktn of Vwo or -more vari- 
ables ia equal to Ike sum of its partial differentials. 

For, if w ^f[x, y) , it ia evident, from the general principles of 
differentiation, tbat du can contain only such terma as are of the 
first degree in dx and dy. 

Hence du = <itix,y)dx-\-<^i(x,y')dy, (1) 

in which (^(k, y) and ^,(3!, y) represent the sums of the co- 
efficients of dx and dy in the different terms of du. 

Let x' and y' be any set of valuea of x and y ; then we have 

du = ^(x\ y')dx+4,i{a^, y')dy. (2) 

Let y be regarded aa constant ; thendy = 0, >j>(x',y') 
unchanged, and (2) becomea 



If a; is constant, (2) becomea 
d,u^^,{x\y')dy. 






Adding (3) and (4), and r 
values of x and y, we have in general 

d^w + d,« = </.(a!, y)dis + <f,i{x, y)dy =^ du. 

Since a similar process of reasoning could be extended to ii 
function of n variables, the theorem is proved. 

If X and y were not independent, the demon atrati on given 
above would atil! hold ; for the idea of a partial differential of a 
function seta aside any question concerning the dependence of 
its variables. 

121. Signification of Partial Derivatives. From § 31 it ia 
evident that a partial derivative expresses the ratio of the rate 
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of change of the function to that of its variable, so far aa its 
rate depends on the variable supposed to change ; and that a 
function is an increasing or a decreasing fnnctioo of any one of 
Its variables, a<:cordiQg as its partial derivative with respect to 
that variable is positive or negative. 



Examples. 
1. u = b>fx + c!i? + g!/' + ex; find t/w. 
Here d,u = {hf + 2cx + e)da!, 
and d^u = ( 2 byx + 3 ijt^) dy ; 

,■, du = (V + 2 ca; -f e)dx + (2 hi/x + ^;if)dy. 



2. .=,-. 




Alts, du = jf log ydx + xif 'dy 


8, « = l„gj:.. 




du = -da: -f lagxdi/ 


4. u = tan '^■ 




J.. xdy-ydiB 


""- .* + / ■ 


5. »_s—. 




(i« - J — logJ 0OB«<i3! + -^^i!!/ 


G. H = log tan 




(rf + y)t.n-"| 


7. .=^.+?;- 




da-^dx + ^dg 



b" 

122. If »=/(x,y,z). and y=*(x). and z^M^). « is 
diri-.Mij a function of a;, and iinUrectl;/ a function of x throinjk 
y«,.rf z. If u=f{z,y), and 3/ = <l>ix). and z = i>,ix) , u is, 
in like manner, indirectly a function of x through y and e. In 
all such cases the total derivative of n with respect to x can be 
obtained by finding the value of u in terms of x, and differen- 
tiating the result ; but in manj' cases it is more readily obtained 
by oning the formulas of the next article. 
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If !(=/(«, j/,2), and y=^(ai), ami z = (f,,{x), 



□fa: 
Fdu]' du I 



"\_<ixj dx 

in which ^, ^. and ^ 
dx dy dz 

the total denvative of a. 



dz ' 
dud^ duds 
dydx dx dx' 



e the partial derivatives, and 



m 



-g] 



=/(»,!/), and s = 'Pix), du = 
_ d« , rfw d^_ 



Cor. 2. If <i^f(y, z), and y = 4,{x), and 3=i^i{x), 



IdicJ 



_dMdy 
dydx 



dHth 
dz dx 



dy 



dy. 



Cor. 3. If « = /(;;), and i/= <;,(a;), rf« = 

dx dy dx 

Rem. To make the above theorem and ooroUaries intelligible, 
the signification of each term and factor must be had clearly in 

mind. Thus, m the theorem, — denotes the total derivative 
Idx] 

of u with respect to a, that is, the derivative obtained on the 
hypothesis that x, y, and 2 are all changing according to tlie 
given conditions ; while — - denotes the partial derivaUve of u 
with respect to x, that is, the derivative obtained on the hypo- 
thesis that y and z are constant. 

• Analysis are not agreed as to the best mesni of dUtinguishing total 
from partial di'rivntivt^B ; but wc shall always dislfnguish Ibc total derira- 
tive of a function of two or more variables by rncloaing it io brackets. 
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Examples. 

Here rduldudy^duda^ .^. 

idxj dydxdzdx 

dy ^ dz ^' 

— = C08aj, and -2 = 6*. 
dx dx 



Substituting these values in (1), we have 

+ z)e* + (2z + y)eosa? 
= (3 e^' + sina;)^' + (2 sina? + e')cosa? 
= Se*' -f e'(8ina? + cosic) + sin 2 a?. 



[i]=w 



This same result could be obtained by substituting in u the 
values of y and z in terms of x, and then differentiating. 

2. w = tan-i(ajy) , and y = e*. ^n«. f— 1 = ^^^^^X 

^ |_ctoj 1 + or e^* 



3. u = e"*(y — ») , 2^ = asina;, and 2;=:cosa;. 

r^]=(«'+l)e"8ina5. 

4. t4=:tan"*£l, and ic* -f- y* == r*. 

f— 1 = -i or 1 

[dxj y ^/r'-ic' 



5. us sin-, ^sse*, and y = a?, 
y ' ^ 



^J=(«'-2)^co8-. 
6. u=sVa^ + y*, and y = ma; + c. 
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7. u = Bin~^(y—z). v=3a;, and 2 = 4ic*. — = — * 

8. u = icV — o" + ^*' ^^^ y = logaj. 

rg1 = ar^[4(loga^)2 + 3i]. 

124. Implicit Fnnctions. The equation /(a, y) = indicates 
that either y or x is an implicit function of the other. It 
represents any equation containing x and y when all its terms 
are in the first member. Implicit functions have been differen- 
tiated heretofore', but the formula in § 125 is often useful in 
obtaining the first derivative of dkuy such function. 

126. If w=/(a;, y), du = ^dy-\-^dx. (1) 

ay dx 

If u is constant, du = 0, and from (1) we obtain 

du 

dy _^ ote 

da?"" ^' 
dy 

in which — and — are partial derivatives, 
dx dy 

When u is constant, du = d^u -f- d^u = ; but, in general, 
neither djti nor d^u is zero. 



Examples. 

1. w3-2ar^y + 6a?=0; find ^. 

dx 

Here '^=-4yaj + 6, ^ = 3y2-2ar^; 
da? dy 

du 
dy __ dx 4,yx — h 
' *da~'""dM~3y2 — 2aj2' 
dy 



i 
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dx ax — y* 

g^y|»__^ dy__ /^?y ~ Y^Y- 

' • a"* 6"* ' da? \y/ \a/ 

4. alogy — y loga; = 0. -^ = 2( SJLzJr], 

oaj x\y\ogx — xJ 

5. f{aX'\-hy)-=c, 

Here /(aa? + 6y) = c = w ; 

.-. -^ =f'{ax '\'by)a, -^ =f'(ax + 6y) 6 ; 

dy g 

"da? 6 

dx x^ — xy log X 

dx y^ + ax 

126. General formulas for the successive derivatives of an 
implicit function can be easil}^ deduced ; but they are so com- 
plicated that, in practice, it is generally more convenient to 
differentiate directly the first derivative to obtain the second, 
and so on, than to use these formulas. 



Examples. 

1. Find^ when2^-2a^ + c = 0. 
dor 

Here ^ = -Sl-. (1) 

dx y — x 

Differentiating (1), we have 



cPy dx "Xdx ) _ da 

6a?~ (y — «)* (y — *)' 



(2) 



From (1), (2), and the given equation, we obtain 


■ 


<?,/ f-iiy . -e 


■ 


di? (j-"0" (!/-«)' 


M 


2. Given y" - 2 a^ + ^-^ - r = 0. to tiud ^- 


1 




in- ax)' 


3. GiTen/ + a^-3aa^ = 0; sljow tliat |^ = - 





127. Suooeuive Partial Differentials and SerivatiTes. If 

u=f{x,y), X and y being inde pun dent, d^v and d,M are, in 
general, functions of botL x and y. DitTerentiating djit and c^u 
with respect to either varia!)le, we obtain a class of second par- 
tial difTerentials. By dilt'erentiating these second partial differ- 
entials, we obtain a class of third partial diSerentiala ; and so 
on. In finding these successive partial differentials, we regard 
dx and dy as constant, since we may suppose x and y to change 
uniformly. 



The Huccesaive partial differentials ar 
\dx j\_ dx\dx J 



represented as folio wo ; 



■-^l-f/- 



it? 



^i%''f)[- 



w • 



etc. 



d'u. 



Hence ^dxdif' is a aynibol for the result obtained by dif- 

dxdy^ 
ferentiatiog u=^f{x,y) three times in succession: first, once 
with respect to x, and then twice with respect to y. 
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The symbols for the partial derivatives are 
d^u 6?a d^u cPu d^u 



da?^ dxdy^ dy^^ dar^' dx^d^^ 



etc. 



128. If u=^f(x,y), _^=_^, _^ = _^/etc. ; 

dydx dxdy^ dydx^ do^dy 

that is, if u he differentiated m times with reject to x, and n 
times with respect to y, the result is the same^ whatever be the 
order of the differentiations. 

For — = ^^'"^^ r /(a? + Aa;, y) -/(a;, y) l 

dx Ax = 0[_ Aa; J 

Regarding this expression as a function of y, finding its incre- 
ment, dividing by At/, and remembering that the difference 
between the limits of two variables is equal to the limit of their 
difference, we have 




limit U> 



limit 



y\x-\-Ax, y-^Ay)-f{x, y-\.Ay)-/lx-\-Ax, y)-^f{x, y)' 



Ax 



Ay 



In like manner, we should obtain for the value of — ( — ) the 

dx \dyj 

same expression, except that the order of the limits would be 
reversed ; but, from the nature of the process of passing to a 
limit, it is evident that this change of order does not affect the 
value of the expression. 

(1) 



dy \dxj dx \dyj 


|, or 


d^u d'u 
dxdy dydx 


Again, since 






d!^u d^u 






dxdy dydx' 






d^u cPu 






dxdydx dyda? 







(2) 



134 FUKCTIONS OF TWO OR MORE VAEIABLES. 

But, from the principle in (1), we have 

dx cli)\dxj ^ dy dx\dxj' dxdydx dx'dt/ 
From (2) and (3), 



(3) 



dydx' dn^dy 

This method of reasoning evidently appljung to a 
theorem is established. 



Examples. 



dydx dxdy ^i 



= cos (te + y) ; verif j- 



n 1 a , 1 .f (fit (Pu V , 

3. u — \og{x + y) ; find the first, second, and third partial 
derivatives. 




X dx'dy dydj^ 

Elnibj^ + ay'); verify -^ = 



129. To Jind the successive differentials of u function of two 
independent variables. 



m 



eral, functjone of both x and y ; aud that, as x aud y are inde- 
pendent, dx and dy may be regarded as constant, we have 



; OF THE INDEPENDENT VAKIABLE. 



d3? dxdy ^ df ^ 

Ifferentiating (2), rememberiug that, iu general, each tcmi 
is a fuQCtioQ of both x and y ; and tbiit the total differeutial of 
each is the Bum of its partial differential, we obtain 



d=K 



d^ dx'dy " dxdf " d;/* " 

a analogous oxpres- 



Diflferentiating this equation, we obtain a 
sion for d*j/, and so on, 

Bj- observing the analogj- between the valuea of (Pm and (Pii, 
and the development of the second and third powers of a bino- 
mial, the formula for d"M may be easily written out. 



130. Change of the Independent Tariable. The forms of the 
ivo derivatives of -^ used thus far have been obtained 



upon the hypothesis that x is the independent variable, and ttiat 
d£ is constant. In applications of the Differential Calculus, it 
is oft«n desirable to change the independent variable, and to 
regard the original function, or some other variable, as the inde- 
pendent vai'iable. We proceed to find the forms of the suoces- 
fiive derivatives of -^ npon other hypotheaea than that dx is 
constant. 

131. To jlnd the successive derivatvuea of -^ ; that Is, tlie forma 
dx 

f,fA[^\ A. Af^lzV etc., when neither x nor y is indepen- 

ttent. 

If neither si nor v is independent, -^ is a fraotion with a vari- 

Aouinerator and denoniinaLur ; and we have 



dx\dj:J 



- d;tiVx 



da." 



CHANGE OF THE INDEPENDEJfr VAKIABLB. 



Differentiating (1), we obtain 



d_ d fcb/\ _ d / "dxd*]/ — dyfPig' N 
dx dx\dxj d.e\ dx' J 

^ {(i;'>/il.K->:Pxd!i)dx-3((rydx—tr-x<iy)iPx 



dx^ 



In like 
Cor. 1, 



obtain the other 
If y 13 independent, that is, if 
d-y = 0, and (Py = 0, 
id (1) and (2) become 



derivative R 
is constant, 



d_fd>A, 
dx\d.vj 



d-j^' 



d__±fdA 
dx dx\dxj 



. 3(ffa;)'riy-tfjr(7v(to; 



(3) 



Cor. 2. 

become 



U dx is constant, rt=x=ff.i; = 0, and (1) and (-') 

dx\dxj d^' dx dx\dxj do?' 

which agrees with § 74. 

Rem. Hence, to transform a diiTerentin.1 expression in which 
X is independent, into its equivalent in which neither x uor y is 

independent, we replace —4, --^, etc., by their equivalent* upon 

(far rtar' 
the new hypothesis, which ai'e found in (1), (2), etc. 

If, in the transformed expression, a new variable 8, of which 
a; is a function, is to be the independent variable, in the general 
i-esult uhtftined above we replace a;, dx, d°i, etc. , by their values 
in terms of $ and its differentials. 

If y is to be the independent variable, in the given exiireasion 

we replace —4, — ^, etc., by their equivalents in (3 ) , (i) , etc. ; or, 

dx- di? 
m the general result first obtained above, we put iPy = 0, cPj = 0, 
etc. 
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Examples. 

1. Given y6?y + dt/^ + da? = 0, in whicli x is independent, to 
find the transfoimed equation in which neither x nor y is inde- 
pendent ; also the one in which y is independent. 

Dividing both members by daj^, substituting for -^ the sec- 

end member of (1), § 131, and multiplying both members by 
dar^, we have 

y(cPydx — cPxdy) + dy^dx-\- da? = 0, 
in which neither x nor y is independent. 

Putting d^y = 0, and dividing by — dj^, we have 

dy^ dy^ dy 
in which the position of dy indicates that y is independent. 

2. Given ^— ^^ + ^L_=o,in which . is indepen- 

dar 1 — or dx 1 — or 

dent, to find the transformed equation when x = cos ^, and $ is 
independent. 

Substituting for —^ the second member of (1), we have 

dhfdx — d^xdy x dy ^ ^p (\\ 

da? \-a?dx l^-a? ' ^ ^ 

Since x = cos ^, 1 — cb^ = sin^d, 

(foj = — sin ^ d^, and d?x = — cos ^d^. 

Substituting these values in (1), and simplifying, we have 
in which is independent. 



138 CHANGE OP THE INDEPENDENT VARIABLE. 



— b= si 11 



3. Given R = ^ — -p — =^ in which x is independent, to find 

the value of B when a: = peo8^, y = psin^, and is inde- 
pendent. 

From (1), § 131, 

dxd^y — dyd^x^ 
in which neither x nor y is independent. 

From y = p sind, and « = p cos^, we obtain 
dy =:&in$dp + p co&OdO^ 
dx = cos ^dp — p sin ^ dO^ 
c^y = sin ^cT^p + 2cos OdOdp - p sin ^cW*, 
and d^x = cos Od^p — 2 sin OdOdp — p cos^d^. 

Substituting these values in (1), and simplifying, we have 

p2+2^'-p^ 
^ ^ dff" ^djfi 



4. Given :r^ + --^ + 2/ = 0) to find the transformed equa- 

dsir xdx 

tion when a?^ = 4^;, and 2; is independent. 

5. Given (l-aj2)^_a;^^0, to find the transformed 

equation when x = cos z, and 2; is independent. 

Ans, --^ = 0. 
da;* 

6. Given z= — ^""^ — , to find the transformed equation 

ydy-\-xdx 

when a; = p cos 0^ y = p sin ^, and p is independent. 

Ana. «--^. 
dp 



CHAPTER X. 



TANGENTS, NORMALS, AND ASYMPTOTES. 

132. The Eectang^nlar Equation of the Tangent to any plane 
curve at («', y') is 

y-y=^(»-i»')- (a) 

For line (a) passes through {x\ y') ; and, by § 16, it has the 
slope of the curve at («', 2^') . 

dv' 
CoR. When the axes are oblique, -^. is evidenth' the ratio 

dx' 
of the sines of the angles which the curve at (a?', y') makes with 

the axes ; hence, in this case also, (a) is the equation of the 

tangent. 

133. The Beotangolar Equation of the Nonnal to any plane 
curve at (a?', y') is 

i/-y=- — (»-«')• W 

For, the axes being rectangular, line (b) is perpendicular to 
line (a) of § 132, and therefore to the curve, at (x\ y'). 



Examples. 

1. Find the equations of the tangent and normal to the 
parabola y^ = 2px. 

Here ^=^; .'M^?.. 
dx y' doj' y 

-f- represents the value of -^ at the point (x', j/), 
dx' ax 



140 TANGENTS, NORMALS, AND ASYMPTOTES. 

This value of ^, substituted in (a) of § 132, and (b) of 

dx' 

§ 133, gives 

y-y'=ff(^-^')^ (1) 

y' 

and y-y=-p(aJ-«')» 

as the equations of the tangent and normal respectively. 

Since y'^= 2px', equation (1) by reduction becomes 
yy'=p{x-}'X'). 

2. Find the equations of the tangent and normal to the circle 

y* 

Ans. yy'-^xx'=7^; 2^ — y=^(a? — a?'). 

3. Find the equations of the tangent and normal to the 
ellipse aV + ^^^ = «^^^« 

Ans, a^yy'-i- b^icx'= a^V ; y —y'= —^^ {x — a?') . 

X 

4. Find the equations of the tangent and normal to the 
hyperbola ay — 6W = — o?W, 

Ans, a?yy^ — Wxx^= — a%* ; y-~y^=. Jl (x — «') . 

5. Find the equations of the tangent and normal to the cis- 
soid y^= . 

V — v == T -^ ^ — ix — OJ ) . 

^ ^ ^x'\%a-x'y ^ 

6. Find the equation of the tangent toy^ = 2a* — a5'^ata: = l. 

Ans, 2^ = ia;+^; y = — ia; — ^. 

7. Find the equation of the normal toy^ = 6a; — 5 aty = 5. 

Ans, y = — fa?-|--^. 
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8. Find the equation of the tangent to the hyperbola referred 

to its asymptotes, xy = m. . y^ ^ 

.^LTis, y = — — J Qc -^ z y 9 

X 

9. Find the equation of the tangent to the cycloid 



x = r vers"^ 



— — ^'2ry — f. Am. y-^y'=^ -^(^x — x'). 

if 




134. LengOi of Subtangent, Subnormal, Tangent, and NonnaL 

Let PT be the tangent at the point p 

(a;', y'), and ps the normal. Draw the 

ordinate pm ; then tm is called the stib- 

tangent^ and ms the subnormal. 

o . 

MP ,dx' ^T _ Ms 

TM = - = y'—-.; Pig. 84. 

tan MTP ay' 

dx' 
.". subtangent = y' — -• (I) 

dy' ^ ' 

MS = MP tan MPS = y' tan mtp = y^ -^ ; 

, • . subnormal = v' -^- (2) 

dx' ^ ' 

.-. tangent = y'^l+^^Y (3) 

PS = Vi^TfTi? =:-^y 2 ^ /y ^^ ; 

.-. normal = y^l + ^g;)'. (4) 

Rem. If the subtangent be reckoned from the point t 
(Fig. 34), and the subnormal from m, each will be positive or 
negative according as it extends to the right or left. 



TANGENTS, NORMAiS, AND ASViEPTOTES. 



I. Find tbe values of the subtaugent and subnormal of i 
ellipse aV "f ''^ = "''''■ 



2. Find the values of the subtangent and Biibnormftl of t 
parabola, circle, hyperbola, and ciasoid, 

Atis. Parabola: &uht. = '2 x' ; eubn. =;<. 

Circle ; aubt. = — i^ ; subn. = — x'. 

x"' — o' 6V 

Hyperbola; subt, = ; — ; sabn. == — -■ 



Cissoid: subt. =— 



3. Find tlic value of the subtangent of the logarithmic curve 
= a'; alsoofy=3flr'-12 fttfl! = 4. ^^a. m; 3. 

i. Find the values of the subnormal and normat of the cycloid. 



Subnormal =V(2 
Normal = pd = v iB* + i? 






Thus the normal passes through the foot of the I'crtical diam- 
eter of the generating circle, when it is in position for the 
^ point to wiiich the normal 

is drawn. Moreover, since 
KPB is a right angle, the 
tangent passes through tiie 
other extremity of the ver- 
tical diameter. This prop- 
^K' ^- eity furnishes a simple 

method of drawing a tangent and noi-mal to the cycloid at any 
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point. ThDB, to draw a taogent and Dormal at f, put the gon- 
eniting circle iu position for Ihia point, and draw the vertical 
diameter bd. The lines drawn from b and d through p will 
lie respectivel^v the required tangent and normal. 

That PB is tangent to the cycloid at r is further evident ; 
since, when the generating point reaches the [wjaitinii p, it is 
rotating about the j)oint d, and is therefore moving iu ii direc- 
tion peipendtcuUr to dp. 



^^Bfl, 



135. Fnndameiital Principle in the Uethod of LimltB. 

and ;8|, be aiiv four variables, so related tiiat 



Let 



.^ = iiL.^.^, 



limit- = limit-^ X limit— X limit-^! = limit-^- 
,8 ft ■ «, ^ ^, 

Honce, in any pmUem concerning the liiwit nf thf. ratin of 
two variable*, either may be replaced h^/ any other vdridliti-, lln- 
limit of whose ratio to U is unitij. 



136. Length of Snbtangent, Subnormal, Tangent, and Normal 
in Polar Cnrves. Let ox he „^ 

the jjolar axis, and p any point 
on the curve mn. Let arc pd 
= im, and on = 1 ; then are 
»K =^ iO, arc- FM = P&0, and 
Ml) = Ap, Draw tlie cliortls pm 
and I'll, the tangent pz, and 
i*ji i>ert>endicular, and zn par- 
ftllel, to OF, tluis forming tiie 
right triangle pzii ; theu 
liiaic r pAfl ~| 
*'^*'LehordpwJ' 



■ I, S48. 
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and li-?tr A. 1 j^ 

A8 = l^ehord pdJ 

. limit fpA^n limit fchorclPMl - .o^ 

• • ^^= <> L"a^J "" Ae =^ oLchord pdJ' ^ ^ 

^^^ limit fApl^ limit r MP 1 

Ad -0 [as J Ad = 0[chordPDj 

The limit of angle mpd is evidently hpz ; and, in the isosceles 
triangle pom, the limit of angle pom being zero, the limit of 
PMO or its supplement pmd is a right angle. Hence the angles 
of the triangle hpz are the limits of the angles of the triangle 
MPD. Therefore the ratios of the sides of the triangle hpz 
equal the limits of the ratios of pA^, As, and Ap. Hence these 
sides may be taken as pdO^ ds^ and dp. 

Draw OT perpendicular to op, and produce it until it meets 
the tangent in t. Draw also the normal pa, and the perpen- 
dicular ON upon the tangent. The lengths pt and pa are called 
respectively the polar tangent and polar normal; oa is the polar 
subnormal^ and ot the polar snbtangent. 

UP pdO. /^s 

tan OPT = tan hzp = — = —j- • \^) 

HZ ap 



HP pd$ 



sm OPT = sm HZP = — = 



(2) 



zp da 
From triangle hpz, 

ds^ = dp^ -f p^dO". (3) 



idO 



OT = OP tan OPT = p^ — ; 

dp 

dO 
.'. polar subtangent = p^ — • (4) 

dp 

OA = OP tan OPA = OP cot opt = -^ ; 

dO 

,\ polar subnormal = -^« (5) 

^ . d$ ^ 



PT= Vop +OT =^p2 + p*— ; 



POLAR CintVES. 

■.polar tangent = p-Jl 4-p*-rT 



■. polar uormal = 



(7) 



. That the sides of the triangle pzh (Fig. 36) rauj lie 
taken as ds, dp, aud pdO can be proved also as foUons ; 

When the generatrix of the curve is at p, the radius vector 
ia increasing in length in the direction of fr, and the extremity 
of the radiua vector drawn to p is moving in tlio direction of I'H, 
at the rates at tvhich the generatrix in then moving in these 
directions. If, at p, the motion of tlie generatrix bccAiuu uui- 
form along the tangent pz, it is evident that any simultaneoun 
increments of its diatancea from p and lines pii and oit may 
be taken as ds, dp, and the i^frerential of the arc tru^od ))y the 
extremity of the radius vector to p, which e'liiaJH piW; fur, 
if 011 = I, B describes the measuring arc of the variable atigUi fl, 
and p is moving, as op revolves, p times an fast an u. Hence 
pii = pdd, aud nz = dp, if pz = ds. 



1. Find the subtaDgent. subnormal, tangent, normal, and p, 
or the length of the perpendicular from ibe pole to the tangent, 
of the spiral of Archimedes p = aS. 

Bubuormal = ~=^a; 



aabtangent =s ,f~ s ^ ; 
dp a 



146 TANGENTS, NORMALS, AND ASYMPTOTES, 

tangent = p ^1 + p^— = p -y|l-f ^ ; 



dp 
normal = Vp^ -|- a* ; p = 



^ P' 



vyTo* 



2. Find the subtangent, subnormal, tangent, and normal of 
the l(^arithmic spiral p = a^. 

Arts, subt. = --^— ; siibn. = p log a ; 

log a 

tan. = p-y/1 + ; nor. = p Vl + (log a)-. 

\ (log a) 2 

Since tanoPT=^— ? = , this curve makes the same angle 

dp log a 

with every radius vector, and therefore is called the equiangular 

spiral. 



IT 



If a = e, tan opt = 1, opt = -, subtangent = subnormal, and 
tangent = normal. ^ 



3. Find the subtangent, subnormal, and p of the lemniscate 

of Bernouilli p^ = a^cos 2 0, 

— o^ — a* 
Ans, subt. = -r — ^ — ; subn. = sin 2 ^ ; 



a* sin 2d' p 



y>= P = ^» 

Vp* + a*sin22(9 «' 



Bectilinear Asymptotes. 

138. A Bectilinear Asymptote is a straight line that has the 
limiting position of the tangent to an infinite branch of a curve. 
If a curve has no infinite branch, it evidently can have no 
asymptote. 

If X and Y represent the intercepts of a tangent on the axes 
of X and y respectively, from the equation of the tangent to 
any plane curve 
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we obtain X=x' — y' — -? (1) 

dy' 

and T^y'-x'^' (2) 

dx 

Now if, as the point of contact (a?', y') moves out along an 
infinite branch, the value of X or T or the values of both 
approach finite limits, it is evident that these limits will be the 
intercepts on the axes of an asymptote to that branch of the 
curve. 

Examples. 



1 . Examine 2/^= 6a^ + a^ for asymptotes. 
Solving for y, we have 



y 



As X == 00,* y = 00 ; and, as a? == — 00, y = — 00. 

Hence the curve has two infinite branches, one in the first 
angle and another in the third. 

X=x'- — f — - = - —I— = - 2 as oj' = ± 00 ; 

x' 
4.V2 I «.f3 2 

* x = a aa y = CD is read "x approaches a as its limit as y approaches 
iDfinity, or increases without limit." A variable cannot approach infinity 

as its limit. For example, if y = -, and a:= 0, y does not approach infinity 

X 

as its limit ; for, when x is infinitely near 0, y is infinitely large ; but it 
doubles its value while x decreases by half its own value. Hence, as x = 0, 
the difference between 00 and y must always be many times as great as y, 
however great y may become. 
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Therefore, the line j/ = a; + 2, whose intercepts on the iixeH of 
X and y are respectivelj —2 and 2, is an OBjinptote to each 
braocb. 

2. Examine the conic seetiona for asymptotes. 

Neither the circle nor the ellipse can have an asymptote, since 
neither has an infinite branch. 

The parabola has two infinite branches, one in the firat angle 
and another in the fourth. 



X = 



Hence the parabola has no asymptote. 

The hyperbola has four infinite branches, one in each angle. 
In thja ciir\-e 



b% 



= ^=±0a 



r = v'-!i^ = --'^ = ±0 aHx'ory=±i 
a-ij' y' 

Hence the asymptote to each branch passes through the ori- 
gin. To determine the direction of these asymptotes, we have 



da;' 



«V.- 



.w, 



Since -^ is positive for any point in the first or third anf 

"* 6 . 

and negative for any point in the second or fourth, y=-a!i9 

the asymptote to the branches in the first and the third angle, and 
y = ^~x to those in the second and the fourth. These asymp- 
totes are evidently the produced diagonals of the rectangle on 
the axes. 



3. Prove that y = — 
infinite branches olif — 



I asymptote to each of the t 
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4. Show that f^ = aa^ has do asymptotes. 

139. Asymptotes Betermiiied by InspectioiL or Ezpansum. 
From the definition of an asymptote, it follows that it is a line 
which an infinite branch of a corre approaches indefiniteh* 
near, bnt never reaches. From this riew of asymptotes, we 
can often determine their equations by inspecting the equation 
of the cnire, or expanding one of its members. Thus, in the 
cissoid 

y* = - , 3r=±oo asa;==r2a. 

2o — a? 

Whence, a; = 2a is an asymptote to the two infinite branches of 
the cnrve ; for they approach indefinitely near, but never reach, 
this line. 

In 0? = log.y, ory = a'. flf= — oc asy=0. Tlie axis of x is 
therefore an asymptote to the infinite branch in the second 
angle. 

Again, the equation xy — ay—hx=0 may be put in thi* 

form, 

bx m 

y = orar = — i-, 

X — a y — o 

from which we know that x = a and y = h each is an asymptote 
to two infinite branches. 

The mejthod of examining a curve for asymptotes by solving 
its equation for y, and then developing the second memfKrr in 
descending powers of x. by 3iacLturin'ft formula or some other 
means, will be illustrated by a few examples.* 

* The followiDg is a brief view of another method of examiniog a currc 
for asjmptotes. For a fuller treatmeDt, fee Willianuon'f Difftrtntlfii 
Calculus, page 240. 

Let the equation of a right line be 

Jf = A«jr+r; (1; 

that of a corre of the nth degree, 

/(-r,y)=0; (2/ 

that obtained by f abctitiiting vx -r r for y in (2)^ 

^(x)=0. (3j 
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Examples. 

I . Examine x' — x>f -\- oy- = for asymptotes. 
Here y=±J-^y^±x(l~'^ ' 

From the fii-st form of tbe value of y, x=a is evidently an 
asymptote to two branches of the curve that lie to the right of it. 
From, the last form we see that two branches of the curve ai> 
proach infinitely near each of the lines y = ± a; ± -, as x = ± a>. 

The curve therefore has three asymptotes, each of which is 
asj-mptotic to two infinite branches. 



Eq^ualion [3| ie eTidcntlj of the ntli degree, nnd its n routs are the 
abscissas of the n real or ima^arj interseclEons of (1) and (2). If two 
roots of (3) be eqoal, two points of intereecdon of (Ij and (2) will coincide, 
and, in geneml, (1) will bo a tangent to (3). From Algebra, wc know that, 
as the coefficients of jr" and r"~' approach zero as a limit, two roots of (3) 
increase witliout limit. Hence, if n anA n in (1) have such values as ren- 
der these coefficients 0, (1) has tlie limiting polition of a tangent to an 
infinite branch, or is an asymptote. 

For example, let the curve be 

ji« = (ij-'+i». (1) 

Substituting >ix+ v for j/, and arranging the terms, we have 

(/-l)j*+(3,.''^-o)iS + 8^^i4-^ = 0. (2] 

Two roots of (2) become m, when #i' — 1 - 0, and 3^V — n^f); tlial is, 
when /i^ 1, and i-= J n. Hence, y = r +i u is an asymptote to (1). 

From the theory of equations, and this theory of asymptotes, the fol- 
lowing are obvious concluBions : 



(a) Any asymptote of tangent to a curve of the third degree it 

(b) Any asymptote or tangent to a curve of the nth degree cannot meel 
t in more than n — 2 points, exclusive of the point of contact. 
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a^ — 1 
2. Examine y* = a^-^ for asymptotes. 



= ±^1-2^- 



= ±xll-^ + 



1- 



2ar' 



+ 



•) 



Hence y=^±x are the two asymptotes. 
3. Examine y^ = aa:^ — a^ for asymptotes. 



a 



Ana. y = — aj -h - 
^ 3 



4. Examine y = c + 



a^ 



(aj-fe)^ 



for asymptotes. 

ujlns. y = c, and aj = ft. 



5. Examine y^ = 



x — a 



for asymptotes. 

Ans. x=a, and y = ± (a; + a) . 



140. Asymptotes to Polar Carves. If, aB^==d', p=oo 
the subtangent od = os, it is evident that sn, 
which is parallel to om, is an asymptote to the 
infinite branch pk. Hence, to examine a polar 
curve for asymptotes, we find from its equa- 
tion the values of which make p = ±oo. If 
the corresponding value of the subtangent is 
finite, the line parallel to the infinite radius o 
vector, and passing through the extremity of 
the limiting subtangent, is an asymptote. 



, and 




Examples. 



Fig. 87. 



1. Examine the hyperbolic spiral p$=»a for asymptotes. 



a 



Here p = - ; hence, when tf = 0, p = oo, and subtangent = — a. 
B 

The curve therefore has an asymptote parallel to the initial line, 
and at the distance a above it. 
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2. Examine p cos = a cos 2 for asymptotes. 

Here p = — ■ ; hence, when ^ = ^ , r = ± oo, and subtan- 

cos^ 2 

gent = — a. 

The line perpendicular to the initial line at the distance a to 
the left of the pole is therefore an asymptote to two infinite 
branches. 

3. Examine p^ cos ^ = a^ sin 3 ^ for asymptotes. 

Ans, The perpendicular to the initial line at the origin is an 
asymptote. 

4. Show that the initial line is an asymptote to the lituus 
p^=a. 



Miscellaneous Examples. 

1 . At what angle does y^=10x intersect ic^ + ^ = 144 ? 

Ans. 7r0'58". 



2. Find the subnormal of the curve ^= 2a'loga?. 



Ans. — 

X 



3. Find the equation of the tangent to the curve 

^(^ + 2/) = «^(^' — y) at the origin. 

Ans. y = x. 

4. Find at what angle the curve y^=2ax cuts the curve 
oi^ — Saxy-\-y^=^0. 

Ans. cot~^V4. 

5. Find the normal, subnormal, tangent, and subtangent of 

X X 

the catenary y = - (e" + e ") . 

2* _2x a 

Ans. Subn. =-(6" — e "): norm. = iL. 

subt. = — ^ ; tan.=^ — ^ 



■y/f — a^ -Vy^—a^ 



6. Find the subtangent of the curve t^ = 
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aj8 



a — x 

A 2 a? (a — a?) 
Alls, — ^ ^• 

8a — 2a: 



7. Examine ^'(a? — 2 a) = a;? — a"* for asymptotes. 

Ans. aj = 2a; y=±(a; + a). 

8. Examine y(p? — «^) = h^{2 x-^-e) for asymptotes. 

Ans, y = 0; x-\-a=^0\ x = a, 

9. Examine for asymptotes the folium of Descartes, 

Qi^ + ^ — 3axy = 0. 

Ans. y =s — a? — a. 

10. Examine (y* — l)y= (a* — 4)a for asymptotes. 

Ans, y=^x, 

1 1 . Examine f = a»(a?-a)(a;-3a) ^^^ asymptotes. 

oir-'2ax 

Ans, a?=2a; a? = 0; y=±a. 

12. Examine the hyperbola p = — ^ ^ for asymptotes. 

e cos ^ — 1 

13. Find the length of the perpendicular from the pole upon 
the tangent to the lituus p-VO = a, j __ 2a^p 

Vp*T4c? 

14. In the hypocycloid a:l-|-^=:ai, prove that the portion 
of the tangent intercepted between the axes equals a, 

15. Give the different methods of drawing a tangent to any 
plane curve at a given point. 




CHAPTER XI. 

DIRECTION OF CURVATURE, .SINGULAR POINTS, AND CUBTE 
TRACISG. 

141, Direction of Cnrvature, A curve is cuncavo upward or 

tlownwanl at any point, according as in tlie inmiediate vit-initj 

J of that point it lies above or below the taugent 

at that point. 

When a curve, as ab, is concave upward, it 

the slope of the curve, in- 

;e, ^,thederiv8- 



FiR.3 



-^ is negative. 
Hence; the ci 
at any point (x, y), according 



is evident that — - ■ 

d 
creases as x inci 

dv "^ 

tive of -^, IB positive (§ 72). When a curve, 

downward, -^ decreases as x increases, ami 



dx 



iqiward or dotciitaard, 
2>osttive or negative. 



. f (X) i 

In the polar system, a onn'e is said to be concave or convex 
toward the pole at any point according as in the immediate 
vicinity of that point it lies on the same 
side of the tangent aa the pole, or on the 
opposite side. From the figure, it is 
evident that, when the curve is concave 
toward the pole, p or od increases as p 

increases, and ^ is poaitive (§ 31). 

dp 
When the curve ia convex t«iward tiie 
pole, p decreases as a increases, and ^ 
IS negative. 
■ curve is concave or convex toward the pole 
's positive or negative. 



ng. 59. 

Hence, a poiat 
according a 



a. 
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When the equation of the corre is given in terms of p and $^ 
we find p in terms of p by nse of (8) of § 136. 



EXAHPLES. 

1. Find the direction of corv&tare of jf = x' + 2x + 5. 

Here — ^ = 2 ; hence the curve is ecHicave upward. 
dor 

2. Find the direction of curvature of y = a -h c(x -f- 5)*. 

Here -^ = 6c(x -|- 6) : hence the cur\'e is concave upward or 
dor 

downward at («, y) , according as x > or < — 5. 

3. Find the direction of curvature ofy = aj' — 3a^ — 9x-|-9. 
Ans, Ck)ncave upward or downward according as a? > or < 1 . 

4. Find the direction of cun-ature of a; = log.y, and y = sinx. 

5. Find the direction of curvature of the litnus p^O = a*. 

Here ^= <^ = ^• 

^^^ dO 2pe 2a'' 

.•.l> = -^=^ = -^ift=.; §136,(8) 



J— ^ V4a* + p- 
y'^ ^ d^ 



d^ 

. dp^ 2a^(4a^-p^) 
* 'dp (4tt*-|-pO* ' 

Hence this spiral is concave or convex toward the pole at (^, p) 
according as p < or > aVi. 



p = a^. 



6. Find the direction of curvature of the logarithmic spiral 

^lere d ^^ ~ * • * • ~^ — — • 

VTT(Iogap ' ' ' ^P Vl+(loga)* 

Hence the curve is concave toward the pole. 
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Singular Points. 

142. Sisi^ar Foints of a curve are tbose which have some 
peculiar property. Such points are : first, Fointi of Inflexion ; 
second, Multiple Points ; third, Conjugate Fomti ; fourth, Stop 
Foiuto. 

143. Points of Inflexion. A point of iriflexion ia a point at 
whiijh a curve cbanges its direction of curvature. Hence a 
Y tangent at a point of inflexion interset-ts 

the curve. Thus the tangent at r, a point 
of inflexion, cuts the curve at p. 

At a point of inflexion on y=f{x), 

—4 must evidently change its sign, and 

therefore pass through or as. Hence, 

- be found in terms of a:, the roots of 



'g^ 



or CO are the critical values of a; to be examined, 
changes ita sign as x passes through any one of these 
I, this value is the abacisaa of a point of inflexion.* 



Examples. 

1 . Examine it? — Zhx' +- nhj = for points of inflexion. 

The root of ^ = li^^Z^ = is 6 ; and ^it^ evidently 
(h? a' or 

changes its sign as x passes through b; hence (6, — ^) is a 

point of inflexion. ^ ° ' 



2. Prove that the points in which y = 
X are all points of inflexion. 



n - cuts the axia of 



\ one siile of a point of inflmion, the elope of h curre is increasinK ; 
the other, it is decreoeing: henct a point nf inflexion ia a point of 
[lininiuui elope, unci tlie method of finiling such a poiiit ii 
to be that of finding a masimum or minimnni uf ^. 



MULTIPLK POINTS. 



r^_ 



■a through each of these valnea, — ^ changes its s 
iair, 3air, etc., are abscissas of points of infic; 



3. Examine the wit«h of Agnesi, t^g 
points of laQexion. • 



h 



(0, 0), (tiVS, faVS), and ( 



a-y), for 
Ans. {±JaV3. f«)- 
for points of inflexion. 

V3, -JnVS). 
144. To test curves given by their jMtar equations for points 

of inllexiou, we find the roots of — = or oo. If -^ changes 

dp dp ^ 

its sign as p passes through any one of these critical values, 
tliis value is the radios vector of a point of inflexion.* Thus, 
in tlie lituns, (28° 38', aV^) is a point of inflexion; for J! 

d ^'' 
changes its sign as p passes through a V2, the root of 

(See§ 141, Ex. 5.) 



' dp~ 



Multiple Pointe. 

tlirough which two or more 



146. A Hnltiple Point 

branches of a curve 
pass, or at which 
they meet. A mul- 
tiple point is double 
when tiiere are only 
two branches, triple 
when only three, and 
so on. "*' "■ 

A multiple point at whicli tlie branches intersect (Fig. ii) i 
called a Multiple Point of Interseotion. 
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A. multiple point through which two branches pass, and at 
which they are tangent (Figs, b, c) is an Osculatiiig Point 

A multiple point at whiuh two branches terinimite, and are 
tangent (Figs, d, e) is a Cusp. A cusp or osculating point is 
said to be of the first or the second species, according as the 
two branches are on opposite sides (Figs, b, d) or the same side 
(Figa. c, e) of their common tangent. 

A Conjugate Point is one that is entirely isolated from the 
rest of the real locus. Hence, in an algebraic curve, a conju- 
gate point is a multiple point formed by the intersection or 
meetmg, in the plane of the axes, of imaginary branches ; that 
is, of branches lying outside of the plane of the axes. Since 
an odd number of roots of an algebraic equation cannot bo 
im^nary, an even number of imaginary branches must inter- 
sect or touch in a conjugate point of an algebraic cui-ve. 



146, From the definitions given above, it follows that, at a 



multiple poiut of iutersectiou, 



[DUst have two ( 



equal real values; that, at a point of osculation or a cusp it 
must have two equal real values ; that, at a conjugate point on 
an algebraic curve, it must have two or more values which Are 
imaginaiy, unless the tangents to the imaginary branches at the 
conjugate point lie in the plane of the axes. 

Hence at any multiple point -^ has two or more values, 
dx 

147. //■ f(x, y) = u=lJ be the algebraic equation of a furve 
freed from radicah and fractions, at any multiple point upon the 



Itiple point, ^, or the ratio of — to — . i 

dx nx dy 

J values (S 14G) . But, from the form of tlie 



SrULTIFLg POINTS. 



equation of the carve, neither -— nor - 

dx d 

fractions ; hence their ratio can have ti 



n contain radicals o 



B of X and y, only frlien it assumes the indeterminate 



lation of a Cnrve for KnlUple Points. To c 

a curve for multiple points, put it* etjaiition in the required form 
_/■(«, ;^)^« = 0, and find the sets of values of x and >/ that will 



satisfy the equalloi 



Of these sets, those 



which satisfy the equation of the curve give the points to be 
examined. 



W 



Let (y, y') be one of these points ; then 



du o' 



which is evaluated a 

T. ir ^ 



MJrding to the method of § S3. 
; has two or more unequal real values, (a;', i/') is in 
general a mukiple point of intersection. 

n. If J-- has two equal real values, («', y') is in geuern! 
cither an oaail/iting point or a cusp, 

HI. If all the values of -=^ are imaginary, {r', y') is a con- 
j'lgate point. 

The following eon si derations enable 
i-xactly the nature of these points : 

In Case I., if the values of y c 



. ''." 



to discover i 



are real for x = x'- 



dx 

and x = x' + h. k being very small, (x', ;/') is a multiple point of 
intersection ; if real for neither, {x\ y') is a conjugate |)oint at 
which the imaginary branches are parallel to the plane of the 
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Id Case II., if the values of w or -^ are real for as = «'—/( 

dx 
and 3: = ai'+/i, (x', y') is a point of oaculation ; if real for only 
one of these values of x, {x', y') is a cusp ; if real for neither, 
(a;', y') ia a conjugate point. 
In some curves, aud especially when -s^ = co, it ia better to 



To determine the speciea of a cuap or point of osculation, 
find — , and (x',j/') will be of the first or the second species, 

^ dhi' 

according aa the two values of — ^ have opposite signs or the 

same sign. Or we may compare the ordinates or abscissas of 
adjacent conespouding points on the branches and on their 
common tangent.* 

* Tlie fiiUoivmg is a brief view of another method of i>xauiiniiig a, curve 
for multiple pointa. For a fuller treatment, see Williamaon's Dijftnalia! 
Cidcalus or Salmon's Higher Plane Cwrres. 

Let the equation of a turvo of the nth degree ''*^Wi----i^''7\ 

that of a right line through the origin. fci] fciifJ^^J .'' J 

that obtained by gubstituting /« for y in (1), XC/'^'^^ 

♦ W-0. |3| 

If (1) contains no eonstant term, its locus eviilentlj passes through the 
origin. If (1) contains no constant term nor any lerm of the first degree, 
tworoDtBof (3) areO. Hence two points of intersection of [X) and (2) are 
at the origin; and the origin ia a double point. If, in addition, (1) cod- 
tains no term of tlie second degree, three roots of (3) are 0, and the origin 
ia a triple point. 

Hence, when the ori^n is a multiple point, this fact is evident from the 
equation of the eurve. To examine a curve for multiple points not at the 
origm, change the reference of the locus lo new parallel axes, using the 
formulas j-i^ m-|- £„ and y =z n + y,. If m and r can be so determined that 
the reaalting equation will contain no constant term nor any term of the 
flrst degree in j-j or jfj, (tr, n), or the new origin, is a double point. If ■ 
and n can be so determined tbat the new equation will contain a 
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Examples. 



(2) 



1 . Examine a?* + aa^ — aj/* = for multiple points. 

Here M = a;* + aiB^ — a2/* = ; (1) 

.'. — = 4aj* + 2aa5y, and — = aa^ — 3ay*; 
ax dy 

. dy _ 4 0^ + 2 axy 
dx Say^ — aa^ 

Placing the partial deriyatives equal to zero, we have 

x(2ii^-\-ay) = 0, (3) 

and «* — 32^ = 0. (4) 

Solving (3) and (4), we obtain the following three sets of 
values for x and y, 

aj = 0, iaV3, and — ^aV3, 

y = 0, — ^a, and — ^a. 

Only the first set of values will satisfy (1) ; and (0, 0) is the 
only point to be examined. From (2) we have 

^1. 4a» + 2a^ l ^oand±l. §83. 

ctolno oajr — oar Jo,o 

Hence the origin is a triple point at which the inclinations of 
the branches are respectively 0, Jtt, and f tt. 

From (1), ^ 

«= ±'\l — iay±iyV^ay'\-aK (5) 

From (5) , we see that four values of x are real when y = — /*, 
and two when y=:-\-h\ hence each of the three branches passes 

terra nor any of the first or second degree in x^ or y^, (m, n) is a triple 
point. 

From this method, it is evident that a curve of the third degree can 
have only one multiple point ; one of the fourth degree, only two double 
points or one triple point ; one of the fifth degpree, only two double points 
or one triple and one double point. 
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through the origin, which is therefore a triple point of inter- 
Bection. The general form of the curve at the origin is shown 
jo Fig. n on page 1S7. 

2. Examine / = x^ (n=— ar') for mul- 
tiple points. 

Ana. (0, 0), Fig. 42, ia a tlouble 
point of intersecdoL ; -^ = ± 1 . 

3. Examine or*— - Saxy -\- i^z^O for multiple points. 

Ana. (0,0) is a double point of intersection ; -^ ^^Oftudw. 

4. Examine y' (a' ~ a?) ~ n^ for multiple points. 

and from its equation we see that tlie curve e:stends through the 
origin, and is symmetrical with respect to the axis of a:; hence 
the origin is a point of osculation of the first species. 

6. Examine jr = "V for multiple points. 

and from its equation we see that the curve consists of two 
branches symmetrical with respect to the axis of a:, and extend- 
ing from the .origin to the right; hence the origin is a cusp 
of the first species, the common tangent being the axis of j: 
(Fig. 43). 

6. Examine ^ ^ ai^ — a^ for multiple pomts 

Here (0, 0) is the onlv critical point — = ±qc, and 
y = {ast? — 3?)i shows that there is i branch on each side of the 
axis of y, neither of wluth extends below the origin which is 
therefore a cusp of thi first species 

7. Examine y* = cc (:e + a)' for multiple points. 

Here (— o, 0) ia the critical point, and -^ = ±V— a; 
hence (—a, 0) in n conjugate point. ' "■' 
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8. Examine (^ — 2 abafy — a/' — O for singular points. 
Here f 0, 0) is the critical point, and *' 1 
When x = + h. 



- ±0. 



bit' 



ibVi* + ah' 



bl^. mi* + 



in which both the vaines of y are real, one greater and the other 
less than 0. 

When x = — k, 

V = ~± /^^' — «^' 

in which both the values of y are real and greater than when 
h is small. 

HcDce the origin is a point of oscnlalion, and a point of in- 
flexion on one branch. 

149. A multiple point at which two or more branches termi- 
nate, and have different tangents, is a Shooting Foint. A Stop 
Point is a [wint at whiyh a single branch of a curve termmates. 

From t!ie law of imaginary roots of algebraic equations, 
neitlicr a shouting point nor a stop point can occur on an alge- 
braic cnrve. 

150. Curve Tracing. The most rudimentary method of trac- 
ing a curve is to find from its equation such a number of its 
points that, when located, these points will clearly indicate the 
form of the curve. 

TliiB method is laborious ; and our present object is to utilize 
tlie priuciplea heretofore developed to determine directly fi*om 
its equation the general form of a curve, especially at such points 
AS present any peculiarity, so that the curve may be traced with- 
ont the labor of the first method. 

To trace a curve from its rectilinear equation, the following 
general directions will be found useful. 

Solve its equation for y or x. and determine any lines or points 
with respect to which the curve is symmetrical. 
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Find the points at which the curve cuts &a axes, and dctoi'- 
mine its limits and infinite branches. 

Determine the positions of its asjmptoteB, and on which side 
of each the infinite branches lie. 

Find its maxima and minima ordinatea, and the angles at 
which it cuts the axes. 

Determine its direction uf curvature, points of iullexion, and 
multiple points. 

EXAUFX.EB. 

1. Trace the curve whose equation is y = o;V. 
Here ^ ^ ± axi, and the curve is symmetrical with respect to 
the axis of x. 

When 3! = 0, y = 0, and the curve meets the axes at (0, 0) . 
When a; < 0, y is imaginary ; hut when a; > 0, j is real. Hence 

there is one infinite branch in the first angle, 

and another in the fourth. 




dx -iy 2 ' 

hence the curve Jiaa no asymptote. 
dii _ 3aV 



when X = 



but 



dx 



23/ 




, 3 ira!*'] 



at (0, 0) ; 



= ±0. 



'— , tlie upper branch if 



Henoe the two symmetrical hrauohes terminating at the origin 
are tangent to llie axis of x at that point, and the origin is a 
cusp of the first species. 

^-± . 

oncave downward. The form of the ( 
shown in Fig. 43. 

2 . Trace the curve ^ = 2 aj? — a?. 
Herey= [2aj? — 3?)i. 
For3/ = 0. T = Oand 2t[; hence the c 
at the origin, and 2a at the right of it. 



Since 
the lower 



ive upward, and 



e cuts the axis of t 
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For each real value of aj, y has one, and only one, real value, 
which is + or — according as aj < or > 2 a. Hence there is 
one infinite branch in the second an^cle and another in the 
fourth. 

To find the equation of the asymptote, we have 
y = (2 a«» - a;') I = - aj/'l - ^Y 

\ Zx %a? J ^ ' 

when X is numericaUy greater than 2 a. 

Hence the equation of the asymptote to each infinite branch is 

y = -aj + |a. . (2) 

From (1) and (2), it is evident that the infinite branches lie 
between the asymptote and the axis of x. 

^ = ^^-^^ = Owhena; = ta; 
dx ^f * 

/. (2aar»-a^)*]|«, or f a-v/i, 
is a maximum ordinate. 

a«j2«.o 
hence the curve is perpendicular to the axis of x at (2 a, 0) . 

dy^4aa:-3a^^0 ^^ Q^ 

da? 3^ ^ 



By evaluating we find that 
aa;Jo,o 



hence, as the curve does not extend below the axis of a? to the 
left of a? = 2 a, and y has one, and but one, real value for each 
value of a?, the origin is a cusp of the first species, the two 
branches being tangent to the axis of y. 
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da? 



-So" 



9a^(2a-a?)S' 

which is + or — , according as a? > or < 2a ; hence (2a, 0) is 

a point of inflexion, to the right 
of which the curve is concave 
upward, and to the left down- 
ward. The form of the curve 
is given in Fig. 44. 




Fig. 44. 



3. Trace the curve 

^(a5^ — a^) = a^. 

Since its equation involves 
only even powers of x and y, 
the curve is symmetrical with 
respect to each axis. Hence, if 
we determine the part of the locus that is in the first angle, 
the symmetr}' of the curve will give us the other three parts. 

Solving for y, we have 

When aj = 0, 2/ = ; but, for other values of x between —a 
and + a, t/ is imaginary ; hence (0, 0) is a conjugate point, and 
the locus in the first angle lies to the right of «= a. 

As x^a from a value greater than a, y^co; hence there is 
one inflnite branch in the first angle to which a; = a is the asymp- 
tote. When x = cc, y = <x> ; and there is a second infinite branch 
in the first angle. 

To find the equation of the other as^^mptote, we 4iave 



y=±. 



x" 



Xi 



-5 



i 



= ±X{ 



'-I 



i 



= ±xi 



1+— ,+ 

2a^ 



•) 



when X is numerically greater than a ; hence y = x is the equa- 
tion of the other asymptote. 
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Evidently the curve lies above this asymptote. Hence the 
branch ia the first angle lies above y = x, and to the right of 



dy^ 2x'~xy' _ 



when f=2a?, or a! = ±aV2: 
hence 2 a is a minimum ordi- 
nate. 



I In the first angle, 



^^ _. 

dx" (ar'-a=)l 



"'(^ + 2«') . 




As this is + when x>a, this ^s- «■ 

branch in the first angle is concave npward. The form of the 
curve is given in Fig. 45. 



4. Trace the eurve— 



= 1. 



The curve cuts the axis of x at (a, 0) and the axis of y at 
(0, 6). There is one infinite branch in the second angle and 
another in the fourth, y = j; is the equation of the asymp- 
tote, which lies below the infinite bi'anches. The curve i 
cai'e upward, except between * = and 
X = a, where it is concave downward. 
(0. V) and (a, 0) are points of infiexion. 

5. Trace the curve y = ■ -■ 

The curve has one infinite branch in the 
first angle and another in the third, to each 
of which the axis of x ia an asymptote. 
^ is a maximum, and — -} a minimum, 
ordinate. (0, 0), {— V3, — iVs), and 
(V3, JV3) are points of inflexion. The 
inclination of the curve at the origin ia ^n. 




6. Trace the curve y" = 3?— 
Bee Fig. 46. "^ 



For the form of the curve, 
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Ifil. Tracing Polar Carves. When possible, write the eqan- 
tion in the form p=f(B). Solve /(fl) = to find the angles at 
which the curve cuts the polar axis at the pole. Assign to 6 
such positive and negative values as make p easily found. 
Solve -2 = to find the valncs of fl for whieh p is a maxiinutii 

m 

or minimum, and for which the curve is perpendicular to the 
radius vector, Esamino the curve for asymptotes, direction of 
curvature, and points of iuAexiou. The facts thus obtaioedwiU 
indicate the form of the curve. 



valu^^rae^^ 



1 . Trace the curve p = 
Since p = nsin3S, p reaches its maximum valu! 

sin3fl=l; that is, when = ^7r, ^tt, St, etc.; and p reaches 

its minimum —a when 8in36 = — 1 ; that is, when fl = Jjr, ^tt, 

V-T, et«. 

Since 3^ = 3acosSS, p increases from to a, while 8 in- 
creases from to ^TT ; p decreases from a to 
— a, while 6 increases from ^jt to ^ir; p 
B from — n to +a, while S increases 
from ^TT to Itt; and p decreases from a to 
0, while 6 iucreoses from |5r to ir. Further 
revolution of the radius vector in either 
direction would evidently retrace the three 

loops already found. The curve is that represented in Fig. 47. 

2. Trace the curve p = a ain 2 fl. 

The cuiTe consists of four loops. From this and the previous 
example, we infer that the locus of p = a sin n& consists of R 
loops when n is odd, and 2n loops when n is even. 

3. Trace p = a sin-. 

^ 2 

B. Trace p = oco8S + 6, iu which a>6. 
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Miscellaneous Examples. 

1 . Examine aJ* — axj^ — ay* = for multiple points. 

The origin, a triple point, is a cusp of the first species, through 
which a branch of the curre passes. 

2. Examine Oic* + fty" — c = for points of inflexion. 

3. Prove that (0, 0) is a multiple point of intersection on the 
curve ic* - a«a?y + &V = 0. 

4. Examine iC* — a^a? -f chf = for points of inflexion. 

Ans. I -— , — , and -, — • 

VV6 367 \ V6 36/ 

5. Examine aj^ — a^ — ba^^O for multiple points. 

6. Examine at^ — a^ + 6a:^ = f or multiple points. 

Ans, (0, 0) is a conjugate point. 



x^ — a^ 



7. Trace the curve jf = 

x-^b 

8. Trace the folium of Descai-tes ^ — 3 axy -|- ar^ = 0. 

9. Trace {y — m^y ^ a^ . 

10. Trace ^(o? — a) = aj^. 

11. Trace p cos^ = a cos 20, 



CHAPTER XII. 



BTATUEE, EVOIUTES, ENTEL0PE8, ATO* OBDEB OP 
CONTACT. 



152. If ift represent tlie inclination of any curve ab referred 
to rectangular axes, tlien ip will measure the direction of the 
f, curve with respect to the axis of x. At the 

point P, <f = angle xor ; and at p', i/b = xmp' ; 
hence angle pum = ii^, if arc pp'= 43, s repre- 
senting the length of the curve. 

153. The Corrature of a curve at any point 
is the rate of change of its direction relative 
FLg. tB. to that of its length. 

Hence, if k represent the curvature of any curve, 

. = ^,or """ r^l- §31. 

1S4. Cnrvatnre of a Circle. If ab (Fig. 48) be the arc of a 
circle whose radius is r, the angle frm equals the angle sub- 
tended by the arc Pp' at its centre ; and fVoin g 40 we have 




angle PitM - 

■ ^ or K = 
'da' "' 



§17, Cor. 2. 



Hence, the curvature of any circle is equal to the reciprocal of 
its radius; and the mrvatiires of any two cirdea are inversely 
proportional to their radii. 

Cor. Jfr^l, «= 1 ; that is, the unit of curvature is the cur- 
vature of a drde whose radiua is unity. 
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155. To find k in terms of the differentials ofx and y. 

tan </> = -^ ; 
dx 

.\8ec?d>d<f> = —^; 

dx 

.•.d6 = 7:rT2^ since sec^<f» = l + f -^ ) • 

\dxj 

We take the positive value of the radical so that the curva- 

ture of a curve will be positive or negative according as — ^ is 

dur 

positive or negative ; that is, according as the curve is concave 
upward or downward. The sign of curvature, however, is often 
neglected. 



156. Badins of Curvature. As the radius of a circle varies 
from to 00, its curvature varies from oo to ; hence there is 
always a circle whose curvature is equal to that of any curve at 
any point. A circle tangent to a curve, and having the same 
curvature as the curve at the point of contact, is called the 
Circle of Cnrvatnre of the curve at that point. Its radius and 
centre are the radius of curvature and the centre of curvature of 
the curve at that point. Hence, if R represent the radius of 
curvature of a curve, from §§154 and 155, we have 

, . [-(S)T 

do^ 

R will be positive or negative, according as the curve is con- 
cave upward or downward ; but its sign is often neglected. 
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187. The radius of curvature in terms of polar coiSrdinates 
can be found by transforming tbe value of i£ in ^ 156 to polar 

ooordinates. We thus obtain 






in which if is the normal. See § 131, Ex. 3, and § 136, (7). 

158. 77te circle of curvature, m general, cuts the curve at the 
point of contact. 

For, on one side of the point of contact, the curve changes 
its direction more rapidly than the circle of curvature, and hence 
lies within the circle ; wbilo on the other side it changes its 
direction more slowly than tbe circle, and hence lies withont the 
circle. 

Ifl9. At apoint of maximum or minimum curvature,* the cir- 
cle of curvature does not cut the curve; and conversely. 

For, on either side of a point of maximum cuiTature, tbe curve 
changes its direction more slowly than at ibis point ; bence, on 
each side of this point, tbe curve lies without the circle of curva- 
ture at this point. On either side of a point of minimmn 
curvature, the curve changes its direction more rapidly than at 
this point; hence, on each side of this point, the curve lies 
within the circle of curvature. 

Since tbe conic sections are symmetrical with respect to nor- 
mals at their vertices, it follows that their vertices must be points 
of maximum or minimum curvature. 



£XA3IFLES. 

1. Find the curvature of the parabola 'tf = 2px. 
Here ^=2, and ^' = - ^i' ; 



dx 



da? 



•Bj. 



, ni> mcnn h numerical lD»xl- 
being conddered. 
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The upper or lower sign is to be taken aeoording as — ^ is 
positive or negative. 

At the vertex (0, 0), k = -, which is evidently the maximiim 
curvature of the parabola. ^ 

2. Neglecting its sign, find the corvatore of the ellipse 
ay + &*aj* = a%». 

Here ^ = -^, and ^=- 4^,; 
dx ay dar an^ 

"" aY\aY + b*a^J {aY + b*a^)i 

At the vertex (a, 0) , k = -^ ; at the vertex (0, — 6) , k = — ; 

or 

hence, the maximum curvature of the ellipse is --r^ and the 

b 
minimum —T- 

a* 

3. Find the radius of curvature of the cycloid 

x=sr vers"^^! — V2ry — ^. 
r 



Here ^ = V2^EZ, and ^ 4; 

dx y dor y^ 

which equals numerically twice the normal. 

1 



K = 



-2V2?^ 

and , the curvature at the highest point, is evidently the 

4r 

minimum curvature of the cycloid. 
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4. Find the cnrvature of ^ = 3;*— 4a!' — ISt' at the origin. 
Find the abBcissas of the points at which the curvature is 0. 

Ans. K = — 36; x='d and —1. 



5. Find the curvature of the logailthmic cnvYc !/ = a'. 



my 



6. Find the numerical value of thd radius of curvature of the 
cubical parabola i^ = a'x. .. . 4,, 

A>is. R = i^ ^ - TJ LI J . 
Qa'y 

7. Find the radius of curvature of the spiral of Archimedes 
Here 



.■.R = 



LDd ^=0; 



{'•-%)' 






Find the radius of curvature of the logarithmic spiral 



P~~"-- Ans. B = pVl+(.log£i)^ 

E volutes. 

160. The Erolote of a given curve is the locus of the centre 
of curvature of the curve. The given curve is called the 
Involute of its evolute. 

161 . To find the equation of the evohUe of any given curve. 
Let c, (a, 3), be the centre of curvature of the curve 06 at any 

point p, {x,y}. Then, 

siucc Br==PcsiuBCP = ^BiiiKPH=7?'^, 







and 



„die. 



BC = flcoaiJCP-B— 

a=OE-BP = 3!-fl^, (1) 

^ = KP + BC = y + i;^. (2) 
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Substituting in (1) and (2) the Tslnes of B and ds, we have 



= x — - =— ^ » 



1+ 



and 



fi = y + 



da? 
da? 



(3) 



da? 



(4) 



By differentiating the equation of any given curve, and sub- 
stituting the results in (3) and (4) , a and fi may be expressed 
in terms of x and y. If, between the equations thus obtained 
and that of cue given curve, x and y be eliminated, the resulting 
equation between a and fi will be the equation of the evolute. 



Examples. 



1. Find the equation of the evolute of the parabola. 

Here ^Jt, and ^^ t. 

od? y dar y* 



Substituting these values in (3) and (4) of § 161, and reducing, 
we have 

B 

and B = ^t. 



o = 3a?+i), or a? = ^5—^, 

o 



/8 = _^, or y = -pipi. 

Substituting these values of x and y 

in the equation of the parabola, we ^ 

have 

/8§i>l = i2>(a-i>), 



or 



8 



^ 272? ^ ^ 




which is the equation of the evolute of 

BAG (Fig. 50) is the evolute of the parabola mow. 
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2. Find the equation of the e volute of the ellipse. 
Here f^ = -^, and g = -^; 



_ {a^-h^)a? 



a = 



a' 



, or X 






and 






Substituting these values of x and y in a^ + 6*a^ = aV, we 
obtain as the equation of the evolute of the ellipse, 



3. Find the equation of the evolute of the cveloid 



r 



(1) 



Here ^ = :^^ME2, and ^ iL; 

ax y dar jf 



r.y=:~^l3, and« = a-2V-27-)8-)S^ 

Substituting these values of x and y in (1), we obtain as the 
equation of the evolute of the cycloid, 

(2) 



a = r vers 



'f--^\+^/-2rp-0'. 



The locus of (2) is another cycloid equal to the given cycloid, 

the highest point being 
at the origin. For, if 
*i the cycloid ooiii be 
referred to the axes 
OiXi and OiTi, and p be 
any point, 

y = -BP, 

and X = OiB 

= KB + DP. (3) 

EM = arc £P ; 
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/. KB = arc AP = r vers~^ — = r vers" 



i=^} « 



DP = Vad ' jyE = -\/ — y(2r -i- y) = •>/ — 2ry — y^. (5) 
From (3), (4), and (5), we obtain 

^('^)+V-2ry-y«. (6) 



05 = r vers 



Comparing (2) with (6), we see that os, the evolute of ooi, 
must be equal to OiM ; that is, the evolute of a cycloid is an equal 
cycloid. 

Properties of the Evolute. 

162. Any nox^al to the involute is a tangent to the evolute. 
The equation of the normal to y =f{x) at {x', y') is 

y-y' — §J^«'-"''). (1) 

Let (a, P) be the centre of curvature of y = f(x) at (»', y') ; 
then (1) passes through (a, )8), and we have 

y'-i8 = -gi(a>'-a); (2) 

.'.x>-a+^,{y'-P)=0. (3) 

If (a?', y') move along the involute, (a, fi) will move along 
the evolute, and a, )8, and y' will be functions of x'. Differen- 
tiating (3) on this hypothesis, we have 

dx' ^^ ^^ dx' 

Dividing by da?', and rearranging tenns, we have 
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But, as (a, j8) is on the evolute, we have by § 161, (4), 

•••<^-«^>'^^=«- <'> 

From (4) and (5), we obtain 

dx' dx'^ ' dy* da 

Hence (1) is tangent to the evolute at (a, P). 

163. Any continuous arc of the evolute is equal to the differ- 
ence between the radii of curvature of the involvie that are tangent 
to this arc at its extremities. 

If (x — ay+^y — ^y^ IP be the circle of curvature of any 
curve at (a?', y') , we have 

(aj'-a)2+(y-/gy = i?. (1) 

Suppose (a?', y') to move along the curve ; then y', a, /8, and 
M will be functions of x\ 

Differentiating (1) on this hypothesis, we obtain 

(aj' ^a)dx^ + (y''-P) dy^ — (a?'— a) da 

-(y'-P)dl3 = BdB. (2) 

From equation (2) of § 162 we have 

2/'-iS=-^(a.'-a); (3) 

dy' 

...y-.^ = ^(a:'-a). (4) 

da 

From (3) , 

(aj'- a)dx'+ (y'- /S)dy = 0. (5) 

From (2) and (5) , 

(a;'- a)da + (y- I3)dp = -' RdB. (6) 
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From (1) and (4), 



(a,'-a)2^^1^^' = iP. 



d^ 



(7) 



From (4) and (6), 



da 



= - BdB. 



(3) 



Squaring (8) and dividing by (7), we obtain 

d^-\-d^^dB?. 

But, 9 being the length of the evolute, we have 
d^J^dp?^d^\ 
.\ds=± dB ; 
that is, B increases or decreases as fast as s increases. 

Hence, if the length of the- evolute of the parabola (Fig. 52) 
be estimated from the point a, we have 

arc AP = KP — OA. 

Again, if the length of the evolute of the cycloid (Fig. 51) 
be estimated from o, 

B 

arc os = sOi = 4r; 

hence the length of one branch of the 
cycloid is 8 r. 

164. These two properties of the 
evolute enable us to regard any invo- 
lute as traced by a point in a string 
unwound from its* evolute. Thus, if 
on a pattern of cpao one end of a 
string be fastened at o, and the string 
be then stretched along the right of 
cpa, the point of the string which 
reaches o, when carried around to the right, will trace the arc 
OKm as the string unwinds from the evolute. 




Fig. 52. 
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Since any point of the §tring beyond a will trace an involute 
of OA, it follows tbat, while a curve has but one evolate, it cnn 
have an infinite number of iavolutes. 



186. If, in the equation /(x, y, a) = 0, a Beries of different 
values lie assigned to n, the equation will represent a series of 
curvea differing in form, or in 
position, or in botli these re- 
spects, but all belonging to 
the same class or faruily of 
curves. 

For example) if different 
values be assigned to a in 
(ic — a)' + 1/' = 25, ita loci will 
be a series of equal circles with their centres on the asia ol'ar 
(Fig. 63). 

The quantity a, which is constant for any one cuiTe, but 
changes in parsing fVom one curve to another, is called a Vari- 
able Parameter. Any two curves of a aeries that correspond 
to nearly equal values of the parameter usually intersect, and 
are called consecutive curves. 




166. An Envelope is the locus of the limiting positions of the 
points of intersection of the consecutive curves of a series, as 
these curves approach indefinitely near each other, 

167. To find the equntion of the envelope of a series of curvea. 
Let f(x,y,,.)=u = (1) 

and /(a!,y,o + AB) = (2) 

be the equations of any two couaecutive curves of a series ; then, 
at the pomts of intersection of (I) and (2), we evidently have 

/(.,!,.. + A.) -/(..,,,,.)_■ „. 
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Passing to the limit as Aa == 0, we have, at the limiting posi- 
tions of these intersections, 

A/(a;, V, a) = 0, or — = 0. (4) 

Since the coordinates of the points on the envelope satisfy 
both (4) and (1), its equation is found by eliminating a between 
these equations. 

168. The envelope is tangent to each curve of the series. 

Let <j>{x^y) represent the value of a obtained from (4) of 
§ 167 ; then, if a = <^ (a, y), 

/(a?,2/, a) = M = (1) 

is the equation of the envelope. 

Differentiating (1), a being variable, we obtain 

— dx-\ dy-\ aa = 0. 

dx dy da 

4 But, at any point on the envelope, 

1^ = 0; §167, (4) 

da 

,',^dx + ^dy = 0, (2) 

dx dy 

which gives the slope of the envelope at any point. 

Differentiating /(a, 2/, a) = w = 0, considering a constant, we 

i!idx + ^dy = 0, (3) 

dx dy 

which gives the slope of any individual curve at any point. 
From (2) and (3) we see that the envelope and any curve of 
the series have the same slope at their conunon point. 

Examples. 

1. Find the envelope of (a; — G)* + y^ = r*, in which a is a 
variable parameter. 
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Here /(«,.y,a)[== w] = («-«)« + 2/2- r« = ; (1) 

...^ = _2(aj-a) = 0. (2) 

da 

From (1) and (2) , ^ = ± r ; that is, the envelope is two lines 
parallel to the axis of x, as would be inferred from Fig. 53. 

2. Find the envelope of y^ax-\ — , a being the variable 
parameter. 

Here f{x,y,a)[_=u]=y — ax =0; (1) 

a 

.•.fj = -a, + H = o. (2) 

eta a 

Eliminating a between (1) and (2) , we obtain y^ = 4 ma? ; that 
is, the envelope is a parabola whose latus rectum is 4m. 

3. Find the envelope of the hypotenuse of a right-angled 
triangle of constant area. 

Let a and fi be the sides of the right triangle, and assume 
them as coordinate axes ; then 

2 + ^ = 1 
a P 

is the equation of the hypotenuse. 

Let c = the constant area ; then 

ajS = 2 c, or )8 = — • 

a 

Hence f(x,y,a) = ^ + ^-l=.0, (1) 

a Zc 

and |f = _4+X = o. (2) 

aa a"* z C 

Eliminating a between (1) and (2), we obtain a?y = Jc ; that 
is, the envelope is an hj^perbola to which the sides of the tri- 
angle are asymptotes. 



CONTACT or DD?FEEENT OKDERS. 



i. Find the envelope of a system of concentric e 
area and the directions of the axes being constant. 
Let the equation of the ellipses be 

and C represent the constant area ; 
then c = 7ra/3. 



(2) 

(3) 
W 



P between (1) and (2), we have 

da. " A' 

pom (3) and (4), we obtain 



i the equations of conjugate equilateral hyperbolas 
referred to their asjinptotcs. 

169, Contact of Different Orders. Let y=/(a;) and y = 0(a!) 
be any two curves referred to the same axes. If/(a) = 0(a), 
the cuiTCB have the point [a, /(a)] in common. If /(a) = <l>(a) 
and f'{ci) = il>'{a), the curves are tangent at [a, /(a)], and are 
said to have a contact of the first order. If /(«) = '^('^)i /'(<*) 
= t^'{ai), and /"(a.) = i^"(o), the two curves have the same 
curvature at their common point, and their conttict ia of the sec- 
ond order. If in addition, f"'(a)= •j>"'{a,), their contact ia of 
the third order; and so on. Thus, contact of the nth order im- 
poses n + 1 conditions. 

170, Two curves interaect or do not intersect at their point of 
contact, according as their order of contact is even or add. 

Let y =f{x) and y = •i>{x) be any two curves having the point 
[«.,/(«)] in conunou. Let h be a very small increment of a:. 
~ IE,. Taylor's formula, we have 
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/(a + h) =/((.) +/'(o)4 +/"(«) 1^ +/'"(«) -^ + - (1) 

*(« + )i)-*(a)+*'(«)4 + +"(<.)r^ + *"'(»),f + -P) 
Snbtracting (2) from (1), we obtain 
/(«+»)-*(»+'')='' [/'(")-*'(o)] + ,f [/"«-*"(«)] 

+jf[/"'W-*"'M]+|-[/"W-*"W]+-. (S) 

which gives the difference between the corrcBpouding ordinates 
of the curves on each side of their common oi'diuate. If the 
contact is of an odd order, the fii-at term of tiie second member 
of (3) which does not vanish contains an even power of A ; 
hence the sign of the second member is the same whether h be 
positive or negative. Therefore, y=f{x) lies eitlier above or 
below y = <i)(a;) on both sides of their common point ; and the 
curves do not intersect. But, if their contact is of an even 
order, the first term of the second member of (3) that does not 
vanish contains an odd power of h. Hence, in this case, the 
second member changes sign with/i; and y=f(x) lies above 
y^<f>{x) on one side of their common fmint. and below it on the 
other; and the curves intersect. 

CoK. At a point of maximum or minimum curvature, the 
circle of curvature has contact of the third order with the curve ; 
for it does not cut the cur\-e at such a point. 

The following are obvious conclusions from equation (3) : 

(a) Two curves on each side of their common point are 
nearer, the higher their oixler of contact. 

(b) If two curves have a contact of the nth order, no curve 
having with either of them a' contact of a lower order can lie 
between them near their common point. 

171. Osculatiiig Cnrvea, The curve of a given species, that has 
the highest order of contact poasihle with a given curve at any 
point, is called the oscidtiting curve of that epeoiea. 
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Let y =f{x) he tbe most general form of the equation of a 
curve of a given species, aud suppose that it contains vi + i 
arbitrary constants. Upon the w +1 constants, n +1, and only 
»+l, independent conditions can be imposed. But, in order 
that y=f{x) may have contact of the jith order with a given 
curve at a given point, n +1 conditions must be fulfilled by its 
constants ; that is, these cotistauts must have such values that 
y=f(x) shall pass through the point, and the first n derivatives 
of its ordinate be equal to those of the givGu cun'e at this point 
(§ 169). 

Hence, as y = ax + b has two conalanta, the oactilating alraig?it 
line /laa contact of the Jirst order, and is a tangent. 

As (x — a)' + (y — b)' = r" has three constants, the osculating 
ci:»c.h has, in general, contact of the second order, a/nd is the cirde 
of curvature. 

The osculating parabola has contact of the third order. The 
osculating eUipse or hyperbola has contact of tlie fourth order. 



Miscellaneous Examples. 
1. Find the curvature of the hyperbola. 



2. Find the radius of curvature of the equilateral hypprbola 

Find the radius of curvature of ^f = liar' + x^. 

Hiry 

TT Find the radius of curvature of the lenmiscate of Ber- 
iiomUi,p°=«''cos2tf. , o_^ 



S. Find the curvature of the cisaoid if = 



a^(8a — 3a!)i 
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6. Find the equation of the evolute of the hyperbola. 

Ans. (aa)J-(6^)J = (a'' + f/^)l. 

7. Find the length of the evolute of the parabola in terms of 
the abscisBas of its extremities. 



Arc AP (Fig. 52) = kp — oa= 



(2a;+p)l 



8. Find the envelope of i/' = a{x — a.), ia which a is a 
variable parameter, 

Ans. y= i^a;. 

9. One angle of a triangle ia constant and fixed in position ; 
find the envelope of the opposite side when the area is constant. 

Ana. !ai = , c being the constant area and ui the con- 

2Binu 
stant angle. 

10. Find the envelope of the circles whose diameters are the 
double ordinates of the parabola y' s 2px. 

Ans. f=p{p + 2x). 

11. Find the envelope of a line of constant length a, whose 
extremities move along two fixed rectaugidar axes. 

Ana. irf + yi = oi. 

12. Find the envelope of the normals to the parabola ^^Spe, 

Ans. y' — — — (j; — p)', which is the evolute of the parabola, 
27/) 
as it clearly should be. 

13. Find the radius of curvature of the catenary y=-( g* + ^ i). 
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14. Find the radius of curvature of the cardioid p=a(l^co&0). 

Arts. ie = (^M*. 

3 

15. Find the envelope of the series of ellipses -- H ^ — = 1, 

a being a variable parameter. 

Ans, ajt + yl = fci. 

16. Prove that the whole length of the e volute of the ellipse 

IS 4-: • 

ao 



CHAPTER Xni. 



INTEGRATION OF HATIONAL FBACTIIONS. 



172. Decomposition of Eational Fractions, Any cational frac- 
tion wliose uumerator ia not of a lower degree thau ite denomi- 
nator can be separated Uj division into two parts, the one 
rational and entire, and the other a rational fraction whose 
numerator is of a lower degree than ite denominator. For 
example, 



a^ + 23r ^ a- — 



x' + 'ia^-x- 



Hence anj rational differential can be considered as com- 
posed of an entire part and a fraction whose numerator ia of a 
lower degree than its denominator. The entire part can be 
integrated by previous methods ; and it is onr present object to 
show that the fractional part, if not dii'ectly integrable, can be 
resolved into partial fractions which are integrable. Tiiese par- 
tial fractions differ in form, according as the simple factors of 
tho denominator of the given fraction are : 
I. Real and unequal. 
II, Real and some of them equal. 
in. Im^nary and unequal. 
IV. Imaginary and some of them equal. 

To show, in the simplest manner, how the decomposition and 
integration is to be effected, we shall apply the process to par- 
ticolar examples in each of the fonr cases. 

173. Case I. When Ike simple fadovB of the denominator are 
real and wi^qual, to every factor^ as x — a, there coiresponrfs a 
partial fraction of the form 
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Let it be required to find fj^^itH^. 



The roots of a5* + a^— 2a; = are 0, 1, and —2; hence, the 
factors of aj* + 0^ — 2 oj are oj, oj — 1 , and x-\- 2. 

Assume •— -^- - = • (1) 

x(x—l){X't2) X a;— la; + 2 ^ ^ 

*■ 
Clearing (1) of fractions, we have 

2aj + 3 = A{x —l)(x + 2) + B{x + 2)x 

+ C{x-l)x (2) 

=z (A+B'^C)a^+{A'h2B--'0)x^2A. (3) 

Equating the coeflScients of like powers of x in (3) , we have 
A+B+C=0, .4-f25-(7=2, and -2.4=3. (4) 

Solving equations (4), we find 

^ = -1, 5 = 1, and(7 = -f (5) 

Substituting these values in (1), we obtain 

20^ + 3 ^^i_^_5 _!_. (g) 



a^^a^-2x 2aj 3(aj-l) 6(aj + 2)' 

/' (2x-\'3)dx _ 3 r^ , 5 r da? 1 / * cto 
a;8 + aj2 — 2a?" 2J a? sJ a? — 1 6Ja; + 2 

= — f loga? -f I log(a? - 1) — ^ log(a? + 2) 4- logc 

^a?i(a?4-2)* 

Equation (6) is true ; for the values of A, B^ and C given in 
(5) satisfy (4), and hence make (3),* and therefore (1), an 
identical equation. 

♦The principle used here is: IfA = A^, B = B', C = C', 6te., A + Bx 
+ Cx' + "• = A'+ B'x + Cx' + ••• 18 an identical equation. 

That the fraction has been correctly decomposed is proved by reasoning 
backward through the process. Equation (1) is not assumed as a hasis of 
proof, but as a basis of operation. 
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The values of J., 5, and G may be obtained from (2) , as 
follows : 

Making a; = 0, we have 3 = — 2 -4 ; /. -4 = — f . 

Making a? = 1 , we have 5 = 35; /. JB = f . 

Making a? = — 2, we have — 1 = 6 (7 ; .-. (7 = — ^. 

Examples. 

1. Find r#^^^' ^««- log^^±iJi^ 

Ja^ + 6a! + 8 ° (a!+2)» 

'■ J^^ + ^-ef - log[«»(.-2)l(. + 3)lc]. 

174. Case II. When some of the simple factors of the de- 
nominator are real and equals to every set of equal factors^ as 
(x — a)**, th£re con^esponds a series of n partial fractions qf the 
- A , B , , L 



(x — a)" (x — a)"*-* X — a 

Let it be required to find I — - 

J (a?-l)\ 



x + \) 

Assume = 1 1 • (V\ 

(a;-l)2(a; + l) (aj-l)^^ aj--l ^ a?+l ^' 

Clearing (1) of fractions, we have 

l=^(a?-f l) + -B(a^-l)-f C(a?-1)* 
^{B+C):x?'\-{A^2C)x + A-B + C. (2) 

Equating the coefficients of like powers of a?, we obtain 

5 + (7=0, ^-2(7=0, and A-B + C^l. (3) 
Whence A^^, (7=i, and 5 = -^. (4) 
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Sabstitiitiiig tiieae TsfaieB in (1). and int^nting, we hare 

(x-l)V+l) 

/ dx r dx r dx ... 

2(x-l)* J4(x — 1) J4(x+1) ^^ 

Equation (5) is tme ; fcH* the values of A^ B, and C given 
in (4) satisfy (3), and henoe make (2), and therefore (1), an 
identical equation. 



. Find f- 



Examples. 

x + 3)(x+l)* 2(x+l) 4 ^a;+3 

"^^ * +log(x+l) + C. 



+ 5a^ + 8x + 4 x + 2 

J a^ + 3a?-f2x^ ^|_ ^ \x+2y J a; 

175. When the simple factors of its denominator are imagi- 
nary, a fraction may then also be decomposed into partial 
fractions of the forms in Cases I. and U. ; but, since the inte- 
grals obteined from these would involve the logarithms of 
imaginaries, we seek other forms for the partial fractions. 

Since the imaginary roots of an equation always occur in 
conjugate pairs, the imaginary factors of the denominator will 
occur in pairs whose products are real quadratic factors of the 
form (a — a)^-f 6^. Hence, when its simple factors are im- 
aginary, the denominator can be resolved into real quadratic 
factors. 

Case III. When some of the simple factors of the denomina- 
tor are im^inary and unequal^ to every faMor of the form 
(x — a)*4-b* there corresponds a partial fraction of the form 

Ax-hB 
(x-a)«-|-b« 
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— 



Assume ^ = ^+^- + ^±^. (i) 

(a;+l)(aj-l)(a^+2) x+l x-l x^ + 2 ^^ 

Clearing (1) of fractions, we obtain 

+ ((7a; + i>)(ar^-l) 

= (^ + 5 + (7)aj*+ (B - .4 + i>)a^ 

+ (2^ + 25-(7)aj + 2^-2^-i>. (2) 

Equating coefficients of like powers of a?, we hkve 

2.44-25-(7=:0, 25-2^-J[>=0. 
Whence ^ = -i, -S = |, C=0, i> = f. (4) 

« 

6 ^a; + 1^3 V2^ 

Equation (5) is true ; for the values of -4, B^ (7, and D given 
in (4) satisfy (3), and hence make (2), and therefore (1), an 
identical equation. 

Examples. 



(3) 



1. Find C- ^^5 ^. 

Am. itan->a! + ilogi^±lI*+a 

2. C_^^ w (»'+2)c . 



'■ r — ^ 



(af' + l) 2(a!-l) 4 ° a? +\ 



^■ 
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ffi^- 






ii«gi^-it..-..+c. 


JiC + rf + it 


+ 1 







ilogix + l)+ilog{^ + l)~it&n-'x + a 



r das 

' Ja!» + :' 

r dx ^ 1 r dx _ 1 / •(■(; -2)(tc . 

JiB"+l aJx + i aJar-^c + r 

/ (tc-2)da; _l r{2x — l)dx 1 j" Sda; 



/• (fee 1, (1+3!)' , 1 , ,23; — 1 , ^ 
• ■ I -: = -log „ ' H tan ' h <?■ 



Ji^ 



^a?-2x + J V3 



, Case IV. When some'ofthe simple factors of the denom- 
inator are imaginary and equal, to every set of equal quadratic 
factors of the form [(x — a)^ + b']" tliere correaponds a sertea of 
n partial fractions of the form. 



Aa + E 



Cx-t 



[(x-a)'^ + b']"^[{:.-a)" + W:i" 



r, + -- + 



Lx+M 

(x-a)' + b' 



In any example under this case, by clearing tbe aBsumed 
equatjon of fractions, aud equating the coefficients of like pow- 
ew of a!, we should, as in the first three cases, evidently obtain 
as many simple equations as there are indeterminate quantities ; 
aud the values of ,-1, B, C, etc., determined by these equations 
would maliB the assumed equation an identical one. 

It remains to be proved that we can always integrate a frac- 
liOnotlbefon„j|^±^.. 
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Let « v tE — a ; then x = z + a, dx = dz, and 

/ {Ax + B)dx __^ r(Az + Aa + B)dz 
lix-ay + b'r J (z' + l^r 

J (a* + 6')"'*' J {z' + bY 

~A f(Aa + B)d:i 

2(n-l)(z' + 6')-»"^J i<^ + b>)- 

The method of finding the integral of the last term is given 
in § 185. 

Examples. 
(i?.+ 2)'"^ ^+i ' 



(«' + 
„ r (a^-»+l)ifa 
' J ijf + if + x+l 

8, r *^ 

J^-i^ + ix-: 
J (x+2)' 






-31og(»+2)+C. 




CHAPTER XIV. 

INTEOBATION BY RATIONALIZATION. 

177. It has been shown that any rational differential is inte- 
grate ; hence an irrational differential which does not belong 
to a known form can be integrated, if we can rationalize it; 
that is, if we can find its equivalent rational differential in terms 
of a new variable which is some definite function of the given 
variable. 

178. A differential containing no surd but those of the form x* 
can he rationalized by assuming x = z°, in which n is the least 
common multiple of aU the denominators of the several fradional 
eocponents ofx. 

For, if a? = «**, the values of a?, dx^ and each of the surds, will 
be rational in terms of z ; hence the function of z obtained by 
substituting these values in the given function will be rational. 



Examples. 

1. Find f^^f dx. Ans. |ajt-|al + C7. 

Assume x = sfi; then 

ici = 2;8^ a:l=2^, a^ = ;2, and dx=6sfdz; 



■■■f. 



^^ ixl^ia^ + ia^-'ixk + ^log{l+2xh)+0. 



aj4 + 2a5i 
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179. A differential containing no surd except a + bx affected 
with fractional exponents can he rationalized by assuming a + bx 
= z°, in which n is the least common multiple of the denominators 
of the several fractional exponents. 

For, if a + &a; = 2^, the values of a?, dx^ and each of the surds, 
will be rational in terms of z. 



Examples. 

1. Find f- --^- -. Ans. 2tan-^(l + aj)i+a 

J (l + x)^ + (l + x)^ \ ^ J ^ 

Assume l + x = z^; then 

(l+x)hz=sz^ and dx = 2zdz; 

dx ri^ — 2 C ^ 

= 2tan-^2;+ (7= 2tan-^(l + ic)i + C. 

o f ^^ 2(2a + bx) . p 

* J (a + bx)^ bWcTbbx 

^- /(ifr^i- ^i(^r + y)(2r^y)^ + a 

4. Cx{a-\-x)ida}. ■fg(ix — 3a){a + x)* + C. 



J-Iog^« + ^-^ + logc. 



5. r_^ — 

'■ S70>,- .(.+.).[il±i^Vl=--]+a 

180. -4 differential containing no surd except Va + bx -f- x* 
can 6e rationalized by assuming Va + bx + x* = z — x. 
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Let Va + 6a? + aj^ = 2; — oj; 



then a-f-6a? = 2* — 2«a?, 

2* — a 



« = 



6 + 22;' 



and 



, ^2{2Mi^+.a)^ 
(6 + 221)2 ' 

Va + 6a? + gr^[=g-g;] = ^+^+^ - 

^ -* 6 + 22 



Hence, as the values of x, cto, and -y/a + bx+l^ expressed in 
terms of z are rational, the given differential when expressed in 
terms of z must be rational. 

181. A differential containing no surd except Va + bx — x^ 
can he rationalized by assuming 

Va + bx-x2[=V(x-)8)(7-x)] = (x-)8)z, 
in which p and y are the roots o/ x* — bx — a = 0. 

Let Va + 6a;-a^[=V(aJ-i8)(7-a;)] = (a;-)8)2; 

then y — aj = (aj — /S)^^, 

and Va + 6a!-a!*[=(a!-^)«] = %:=:^. 

2r + 1 

Hence, as the values of a, dx^ and Va + 6a; — ic* expressed in 
terms of z are rational, the differential when expressed in terms 
of z must be rational. 



. Find r 



Examples. 
^^ -4n«. log[(2aj+l+2Vr+a+^)c] 

Vi + S+^ 
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* 



Assume Vl +x + a:^ = Z'-x; 

z^-1 



then X = 



2« + l' 



2(^ + ^+l)d^ 
'(22 + 1)' 

and Vl + a;+a^r=2; — a;1 = — -^ — -i--« 

= log[(2a;+ 1 + 2-Vl + x-j-x^)c]. 

2. r ^? 

J V2-a;-a^ 
The roots of ar^ + a? — 2 = are —2 and 1 ; 
. . . 2 - aj - ic2 = (a; + 2 ) ( 1 - ic) . 



Assume V2 -a?-ar'[= V(a; + 2)(1- a;)] = (aj + 2)2; 
then l-aj = (a; + 2)22^ 

l-22;2 



aj = 



da; = 



2;2-f.l ' 

— - 6zdz 
(T+Tp' 

32; 



and V2 — a; — a^ — 



2^ + 1 

... f— ^== riL2^^=2cot-.+ (7 
J V2-a;-a:2 J^^ + l 

Va^ + ^y 

3 p ^__. 2eot-f^Y+C. 

4. fVSZ^. log(»+l+V2^+^)- ^ ^ +C. 
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182. Binomial Differentials. DifTerentials of the form 

in which m, n, and j? represent any numbers, are called binomial 



differentials. When p is a whole number, the binomial factor 
can be expanded, and the differential exactly integrated by pre- 
vious methods. In what follows, p is regarded as fractional ; 

A. 

and, in the next section, we will represent it by - , r and a being 
whole numbers. ^ 

r 

183. Conditions of Rationalization of of* (a + hocrydx. 

I. Assume a -f- 6af = «• ; 

then (a-f-6aJ*)T=2r; (1) 

1-1 
and dx=^z'-^f^^^Y dz. (3) 

Multiplying (1), (2), and (3) together, we obtain 

ar{a+ baf)Tdx = — sr+'-^ (^^^^ "" ' dz. (4) 

bn \ b J 

The second member of (4) is rational, and therefore Integra- 

ble, when — 5L is a whole number or zero. 
n 

II. Assume a + 6aj" = «*aj» ; 

then aJ* = a(2;* — 6)-^; (1) 

1_ 1 m m 

a; = a»(«* — 6) «, af = a«(2;* — ft)""* ; (2) 

« 1 1 

and dx = — -anz^-^(z' — byn-^dz. (3) 

w 

Multiplying (1) by 6, and adding a, we obtain 

z^-b 



200 INTEGRATION BY RATIONALIZATION. 

/. (a + 6af )T- = a^{^ — 6)"^2r. (4) 

Multiplying (2) , (3) , and (4) together, we have 

af (a + &af)*cZaj 

= - fa— '♦'.-(a;'- 6)~^— ■^7+^>'2r+-i(&. (5) 

71 

The second member of (5) is rational and integrable, when 

— ±— J. . is a whole number or zero. 
n s 

r 

Hence, af (a + 6af ) *dx can be integrated by rationalization. 

m 4- 1 * 
I. When — -L_ is a whole number or zero^ by assuming 

n 
a + bx*'=:z'. 

nft I 1 r 
n. When — -L — I- - is a «;^ofe number or «ero, by assuming 

n s 
a + baf'ssiz^af. 

Examples. 
1. Find Ca^{a + bx^yhdx. Am. ^^-J^ {a + b^)i+C. 

Here — -!-- is a whole number, and s = 2 ; hence we assume 
n 

a + bQ?=:z^; 

♦ When 1 is a negative integer, or 1 Hi is a positive 

integer, the exponent of «*— 6 being negative, the given differential will be 
reduced to a rational fraction whose integral may be obtained by the 
method of Chapter XIII. But, as this method usually gives a complicated 
result, it is generally expedient in such cases to integrate by using the 
formulas of reduction given in § 185. « 
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and dx = 



Multipljing (1), (2), and (3) together, we obtain 
ioi^{a-{-ba?)~hdx=:—i(s^ — a)dz • 

2. r_^^_. _ll=M_+(7. 

J(2-3a!*)l 9(2-3a!«)i 

Here — -!- — l - is a whole number, and « = 2 ; hence we 
n 8 

assume 

l-\-x' = s^a^; /. or = (2r» -!)-», 

aj = (»2-i)-4, 0?-* = (22-1)2, (1) 

daj = -(z2-l)-l2d2; (2) 

and (1 + a^) -4 = A + ^V= ^"'(^ - l)"^- (3) 

Multiplying (1), (2), and (3) together, we have 

o oar 

4. r f''. ■ llog ^ -Hogc. 

5- r , i'^^x. - ilog-— z^- +logc. 

6. r_«^_. "» +C. 

J(l+a!»)« (1 +!»«)» 



202 INTEGRATION BY RATION A LIZ ATION. 

Miscellaneous Examples. 

1. Find a^-^)^. 
J 1 — o;* 



J (2+a;)(l + aj)i V t y t 

7. f ^ -2/2-:^Y^^^ 

•^ (l + a;)V2 + aj-a^ SVaj + V 

9. JV(a + 6a?)icto. (a + 6aj2)«^i^^=^V (7. 

10. r ^ . £(2^±3i ^ 

J(l+a^)t 3(l + aj2)i ^ 

^j r a^dx ^ . ^ 

* J (a + 6aj2)|' 3 ^(a + 6a^)f 

12 r ^ g-f 26a^ ^ 



CHAPTER XV. 
OTEORATION BT PARTS AIO> BY SERIES. 

184. If u and v be any fhnctions of a;, we have 

d{uv) = udv + vdu. 
Integrating and transposing, we have 

I vdv = wt? — j vdu. (1 ) 

Equation .(1) is the formula for integration by parts. It 
reduces the integration of udv to that of vdu ; and, by its appli- 
cation, many u&etul formulas of reduction are obtained. 

Examples. 

1. Find ixlogxdx. Ans, ^a^ logo; — i«* + C 
Assume u = logo;, and dv = xdx; 

then du = — , and v = — • 

X 2 

Substituting these values in formula (1), we have 

j a? log a?da? = ^a^ log a?— j ^aJcZa? 

= ix^logx^i3i^+a 

In each example, the values of u and dv must be so assumed 
that vdu is a known form, or nearer one than vdv. 

2. j loga;cZa;. aj(loga; — 1) + (7. 

3. Cx^dx. ^f--^^ + C. 
Assume dv = e^dx. 
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4. j x" log a; da;. 

C. I to.n~'xdx. 

Assume u = a?. 
8. \z cos xdx. 



3;"+' , 



-^0^ 



c. 



a; tan-i a: - log ( 1 + a^) 1 + C. 

a; sin a; + cos x + C. 



185. Formulas of Bedaction. We will next apply the /ormTiIa 
for integratiojt by parla to the binomial differ enttaX, 



in whichp b any fraction, but n 
ji ia positive. 



e wbole numbers, and 



I, Left dw = (a 4- bx")''a;"~^da:, and ii = af—"*' ; 

+ l)ar-"tir. 



then v = i5_±i?!l!^ anddw^O 



Hence, by the formula, we have 

* That anj binomial diStreatlui can be re^ttuutd to one of this form is 
eTident. For, let the given <!i£Eerential be (r '— x')*x~*dx; then, by mul- 
tiplying the first factor and diridiog the second by (x^)', ure obtun 
(\~:x^)^x~idx. Putting I = a", we have 6(1 -2=)' rfz, which IB of the form 
required. 

The fonnulas of redactloa are (me for fractional and negative vslues 
of m and n, but they are not generally useful in leading to known form*, 
uoleea ra and n are whole numbers, and n positive. 
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Now raf-"(a + 5af )'+^cto = (V-"(a + 6af )'(a + baf)dx 

= a jV -"(a + bafydx + b Car {a + ba^ydx. 
Substituting this value in (1), we have 

J ^ ^ nb{p + l) 

_(m-n+l)a fa--n(a + jaf)'<to 

_ m-«+l (Vra + ftas-Vdar. 
n{p+l)J ^ '' 

Transposing the last term to the first member, and solving 

for I af(^a + to*)' da;, we obtain 

•/ ^ ^ 6(np + m + l) 

6(np + m + l)J \ ^ ^ V / 

By formula (A) the integration of af'{a + baf^ydx is made to 
depend upon that of another differential of the same form, in 
which m is diminished by n. By a repetition of its use, m may 
be diminished by any multiple of n. 

Formula (A) evidently fails when np + m + 1 = ; but in 

that ease j-j9 = 0; hence the method of integration by 

rationalization (§ 183) is applicable, and the formula is not 
needed. 

II. It is evident that 

Car (a + 5a;-)' da? = Car (a + bx'')^^{a + bar)dx 

= a j ar{a + bary-^dx 

+ b Car+^{a H- bary-^ dx. (2) 
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Applying formula (A) to the last term of (2) , by substitutmg 
in the formula m + n for m, and p — 1 for jp, we obtain 

b faf +- (a + hixf^y-^dx = ^''\<^-^^^y 
J np-Hm-f-1 

__a(m + l)_ r^ra+b^y-idx. 
np + m + U 

Substituting this in (2), and uniting similar terms, we have 

J ?ip-f-m+l 

wn^ faf^Ca + ftafV-^da;. (B) 

Each application of formula (B) diminishes j), the exponent 
of the binomial, by unity. It fails in the same case that (A) 
does. 

III. When m and p are negative, we need formulas to increase 
rather than to diminish them. To obtain these, we reverse for- 
mulas (A) and (B). 

Solving (A) for j af*^(a-h6a;")'dlaj, and substituting m-h?* 
for m, we obtain 

J ^ ^ a(m+l) 

Formula (C) enables us to increase m by n at each applica- 
tion. It fails when m + 1 = ; but in that case the differential 
can be rationalized (§ 183). 

IV. Solving (B) for I af*(aH-6af*)^-^daj, andsubstitutingp+1 
for j9, we obtain 

Car {a 4- hz^y da? = - a?"'^'(^ + ^<)'"^' 
J an(j9 -f-1) 

+ "^ + '^ + "^ + ^ Af (a + l»r)^^dx. (D) 

ari(jp+l) J 
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Formula (D) enables us to increase p by unity at each appli- 
cation. 

The mode of applying fonnulas (A) , (B) , (C) , and (D) will 
be illustrated by a few examples. 



• ^"-^Sj^^ . 



Examples. 



Here m = 4, n = 2, p = — ^, a = a^, and 6 = — 1. Hence, by 
applying formula (A) twice in succession, this integral will evi- 
dently be made to depend upon 

dx 



Substituting these values ot m, w, etc., in formula (A), we 
obtain 

Jrld^ W{(i^-^Y^^' (1) 

In like manner, we obtain 

+ ia'r(a2-aj2)-itZaj. (2) 

Now, ^(a^--^y\dx= f ^^ = sin-^^ -f- C. (3) 
From (1), (2), and (3), we obtain 

-h*a*sin-^-+(7. 
J ViT^ 2 2 a^ 
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3. f f^ . -|(iB2+2a2)(a«-iB«)l+a 

— zziiziz: 18 made to depend on what known 

form when m is positive and even ? On what known form when 
m is positive and odd ? 

4. f ^^ » 2v^+:^-^anog(aj+y^?+l?) + c'. 

5'. r__^^_. 4(a«-2a«)v'^+^ + C. 

By formula (A) , I — ^=z is made to depend on what known 

form when m is positive and odd ? On what known form when 
m is positive and even? 

^6 6-4 6-4.2y 6-4.2 a 

8. r(a*-a!»)»da!. ^x{ci?-aF)i + ^a*B\Dr^- + G. 
Apply formula (B) once. 

9. C!i?{l-a?)Hx. i«(2a!»-l)(l-a!»)i + |sin-'a! + C. 
10. Ca^{\-3?)^djx. 

11 r <to 2/KEZ^n 
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For r /^ see § 183, Ex. 5. 

Apply formula (B) . 

14. r(a2+aj2)idaj. iiBV^+^+ianog(a;+VaM^)+ (7. 

15. f— ^? 5 + J:_taii-i5+C7. 

Apply formula (D). 

16. r(l-aj2)3<&:. iaj(l-a^)3+f«(l-aj2)i^|gin-ia. + Cr, 

17. r /^^ . -(2aa?-a52)i + avers-^-+(7. 

« 

Write I . -= in the form I aji(2a — aj)~ida?, and apply 

•/ v2aaj — ar »/ 

formula (A) once. 

18. f /^ . _£±i«V2^^:=^ + |a»vers-^2 + (7. 



V2aaj — iB* 



4 /> ■ 01/ OnC 



V2aaj — aj* 



X — ^_!_ — L v2aaj— ar + 4a* vers - + (7. 

6 a 



20 ' ^^ 



'•/(^ 



+«?) 



8 



aj . 3aj . 3 






4a'(a* + !»!»)» 8a*(a« + a!») Sa" a 



/ iB«(fa! a!(3-ar') , . _, , ^ 
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186. To integrate the logarithmic differential <^(x) (Zo^x)'*dx, 
in which <^(x) is an algebraic function^ and n is a positive whole 
number. 

Let 7?(\oQxydx be the function. 

Assume dv = ix^dx^ and w = (logaj)^; 

doc 
then du=2logx — , and v = ia^. 

X 

Hence, by the formula for integration by parts, we have 

j a^(\ogxydx = ^x^Qogxy — f I ix^logxdx. (1) 

Applying the formula to the last term of (1), we have 

ia^logxdx = ^aj^loga? — J ^a^dx. (2) 

From (1) and (2), we obtain 

fa?(logxyda=j^a^[(logxy^ilogx + i2 + a 

Hence, to integrate <t>(x)(logxydx, we assume dv=:€t>{x)dx. 
and, by successive applications of the formula for integration 
by parts, reduce the exponent of logo? to zero. In this way 
the integration of the logarithmic differential is reduced to the 
integration of algebraic differentials. 

Examples. 

1. Find Ca^(logxydx. Ans. ix*l{logxy-ilogx-j-i']-j-a 

2. C}2S^. -^~loga^-log(l + aj) + (7. 
*• S^^'^'"- -^[aoga5)» + |loga> + |] + a 
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187. To integrate the exponential differential^ x"a°"dx, when 
n is a positive integer. 

Assume dv = a*^dx, and u==af; 

then du = naf^~^dx, and v = 



mloga 

ff _ 

Hence, by the formula for integration by parts, we have 

•/ mloga mloga*/ 

By successive applications of this formula, the exponent of x 
is reduced to zero, and the proposed integral is made to depend 
upon the known form 

I a'^dx. 

Examples. 

1. Find Ca^e'^dx. 

Assume dv = e'^dx, and w = aj^ ; 

then \ix^e'"dx = -e*"a:^ — - Cxe'^dx. 

J a aj 

Again, Cxe^dx = -e'"x — - I e'^dx. 

ix^e'^dx = — (a^ h-g+C 

a \ a ay 

o r^ a^^ ^(^ 3 o , 3-2 3.2.1\ , ^ 

2. I a^e^da?. — far* o^ •{ -x ^— i+C'. 

J a\ a a^ a^ J 

o r^ .^ «" r^ 3-aj' J 3. 2. a? 3.2.1"! , ^ 

J loga[_ log a (log a)* (l^g^) J 

4. Write out the integral of e^x^dx^ according to the law 
of the integrals in Examples 2 and 3. 

188. To integrate the trigonometric differential sin^x cos^xdx. 
Let sin a; = z ; 

n 

then sin'^aj = «", cos** a? = (1 — 2:*) 2 , 
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and dx = {l—s^)~idz. 

Hence, j sin^ajcos^ajc^ajss J 2^(1 — 2;^)"2"cfe. (1) 

Or, letting cos a? = «, we obtain 

J sin"* oj cos'* ado; = J — 2J"(1 — 2;^)"2~d2;. (2) 

Hence, whenever the binomial differential in (1) or (2) can 
be integrated, the given differential can be. 

This method of integrating sin'^a^cos'^a^da; is used in those 
cases to which the shorter methods of § 63 are not applicable. 



1. Fine 


I j sin*a?da?. 


Put 


sin a? = « ; 


then 


da) = {l-i^)-kdz, 


and 


rsin«a?da?= JV(1 --z'yhdz 


, 


-(M^^.^V-" 




+ ^'^ sin-^z+C § 185, Ex. 7. 
6-4.2 




cos a?/ .K iK.a ,5«3. \ 
= ( sm*aj + ism^a? H -sin x ] 

6 \ 4-2 / 




+ ^'^ x+0. 



6.4.2 



2. j sin* a? da;. Arts, — ^cosaj(sin'a; + f sina;)-|-f « + C 

3. j cos* a;da;. ^sinaj(cos*aj + f cosaj) + f aj + 0. 

4. j sin^ajcos^ajda;. ^sin^ajcosa? — ^sinajcosa? -|- ^a? -|- 0, 

or J^(a? — ^sin4a?) + (7. 
Let sina; = «, and, for J 2;* (1 — s^)^dz^ see §185, Ex. 9. 
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The second form of the integral is obtained fix)m the first by 
use of the relations, 2 sin x cos x= sin 2a;, and 2 sin' a;= 1 — cos 2x. 
By a similar transformation, any differential or integral expressed 
in powers of sin a; and cos a; may be found in terms of the sines 
and cosines of multiples of x, 

- r ' 2 4 ^ sina?/cos^aj cos*a; , cosa;\ , x , ri 
o. I sm*a;cos*ajda?. [ iH hC 

J 2 V 12 3 8 y IG 



J SI] 



^^ ^ + log tana? + a 



sinajcos^a? 2 cos' a? 

J sm^aj 2sm*aj 2 

Q rcos*aJcZa? - • , . i i. » . ^^ 

8. I — ; . •J-cos'^a; + cosa? + log tan- + C7. 

J smaj 2 

189. To integrcUe x"stri(ax)dx, and x°cos(ax)dx. 
Assume u = af, and apply the formula for integration by 

parts. Each application of the formula will evidently diminish 
» by unity ; hence, when w is a positive integer, the integral 
can be made to depend on the known form 

I cos (ttx) da; or I sin(aa;)da;. 

190. To integrate e"sfn"xdx, and e**co«"xdx. 
Put dv = e*"daj, and u = sin* a? ; 

then v = -e'»*^ 

a 

and du = n sin**"^ x cos x dx. 



.-. fe-si 



sin* a? da? = - e** sin* x 



a 



— - I e"*sin*~^ a? cos a? daj. (1) 

aJ 



Again, put dv = e*"dx, and u = sin*~^a;cosaj ; 



then V = 1 e«*, 

a 
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and . dw = (n — 1 ) sin**~^aj co&^xdx — sin** x dx 

= (n — 1 ) sin**"^ xdx — n sin" x dx, 

[Since cos^a; = 1 — sin* a?.] 

/. I e" sin "~^ X cos a? da? = - e" sin**~^ x cos x 
J a 

_ !L:ii fe-* sin"-2 ajdaj -u - fe-* sin*a?da;. 
a J aJ 

Substituting this result in (1), and solving for j e** sin** a? da;, 
we obtain, 

Ce^ sin'^ajda? - g^sin""'a^(«sina^-^cosa;) 
J " n^ + a^ 

n(n-l) Tea* sin'*-*a?da?. (2) 

By repeating this process or the application of this formula, 
n is reduced to zero or unity ; and the integral is made to de- 
pend upon the known form ie'^dx or the form j e*** sin a? da?. 
The value of the latter form is obtained directly from (2) by 
making w= 1. 

In like manner j e** cos a; da; can be obtained. 

Examples. 

1. Find j a;* cos ajda?. 

Here w = a;*, dv = cos a; da;, 

V = sinaj, and du = 2xdx, 

.*. j ar^ cos a; da; = a;* sin a? — 2 |a;sina;da; 

= a;^sinaj + 2a?cosa; — 2 I cos a; da; 

= a;*sinaj + 2aJcosaj — 2sinaj+ (7. 

2. j a;^ sin ajda;. — a;^ cos a; +3 a;^ sin a? +6 a? cos a?— 6 sin a? +0. 
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e"* sinojda?. -^ (a sin a? — cos a;) + (7. 

:. j e* sin^ajdaj. — (sin^a? + 3 cos^a? + 3 sina? — 6 cosa;) -|- C 



191. To integrate ^^ 



a + 6 cosx 

r da; _ r da? 

J a+6cosaj~"»/ 



a/^cos^l+sin^l j + ft/^cos^l— sin^l j 



-/ 



CjiB 



(a+6)co8«|+(a-6)8m«| 



-/ 



sec^ -c?aj 



2^ 



•^ (a 



(a + 6) H- (a ~ h) tan^^ 
dftan 



[tan- I 



+ 6) + (a - &) tan"- 



which is readily reduced to the known form, 

J o .^ o or J , according as a> or <5. 

/c^a; 
: — can be found. , 
a + sin a? 

192. To integrate the anti-trigonometric differentials^ 

f(x)sm~^xdx, f (x) cos~^xdx, f (x) faw^xdx, ete., 

in which f (x) is an algebraic function. 

Assume dv =/(«) da;, and apply the formula for integrating 
by parts. One application of the formula will evidently make 
the integral depend on an algebraic form. 
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Examples. 



• ^-^/i 



a?dx 



+ «* 



tan~^aj. 



Here dv = ^dx -, m== tan"^a?, 



._i.. _ .. ., da? 



v = aj — tan~^aj, and dw = 



iH-ic^ 






C. 



/ xdx , r taji-^xdx 

a= a? tan~*aj — (tan-^a?)^ 

- ilog (1 + a;2) + ^ (tan-iaj)«+ C 
= tan"*a? (x — ^taii"^aj) — log Vl +ar* + (7. 

2. j a?cos'^a;c?a;. ^aj^cos'^a;— •iaj(l — aj^)i + Jsm~^a; + 

3. JVsin-^ajcto. ^aj8sin-^aj + |^(aj2 + 2)Vr^^+ (7. 

193. Integration by Series. When we cannot, by any of the 
preceding methods, integrate a given differential exactly ; or, 
when the integral obtained by them is of a complicated form, 
we can develop the given differential in a series, and integrate 
its terms separately. Moreover, integration by series furnishes 
a simple method of developing a function, when we know the 
development of its derivative. For examples of this method of 
developing functions, see §§ 107, 108. 

Examples. 
1. Find ra;i(l-a;2)i^^^ 



TiXAMPT.RS. 



which is the required integral for x<l and > ~ 1. 

3. Prove that log(a+x) = loga + - — ~^ + -^, — ^ + — , 



4. Develop l<^(a!+ Vl +a^) by integrating . 

Vl +3? 

1 ar" , 1-3 ic" 1.3-5 a? , 



5. Prove that 



/( 



liB' l-am" l-3-5 a; 

(l+a^)l 2 5 2-4 9 2.4-61 



194. While we can differentiate any given integral we can 
exactly integrate but a small number of differentials One 
great reason for this seeming difference in the perfection of the 
two branches of the Calculus is ttiat the integral is often a 
higher or more complex function than its differential Thus, 
the differentialB of l<^x, stn~'x, tan 'a, etc are algebraic func 
tione. Moreover, it is evident that certain forms of differentials 
do Dot arise from the differentiation of any known functions 
Hence, to obtain the exact integrals of many differentials new 
and higher functions must be invented and studied The 
integrals of these differentials, as < btained bv series are the 
developments of these, as yet, unknown functiout, 




CHAPTER XVI. 

LENGTHS AND AREAS OF PLANE CUBYES, AREAS OF SUB- 
FACES OF REVOLUTION, VOLUMES OF SOLIDS. 

195. Examples in Rectification of Plane Curves. For formulas, 

see § 65. 

1 . Find the length of the parabola y^ = 2px. 

Here s=f(l+'£fdy=f(l+^%=if(j^+y')l<ir, 

.•.s = yV^±^+|log(y+y^+7)+C. §185,Ex.U. 

If s be measured from the origin, s = when y = 0, and 
(7 = -iplog2). 

• -^=2^^^ H-r+giog 

2. Rectify the circle a^+ ^ = r*. 

We use i to represent the entire length of any closed curve. 

Here i = 4 rYl + ^*dx = 4r f-.^==2^. 

J) \^ dory Jo ^^ _ a;2 

For the value of tt, see § 107. 

3. Rectify the ellipse f^{\-^){a^-^). 

Here ^ = -(l-e^)g = - ^^^^=^' ; 

'^VoV^^^V 2a 2.4a8 2.4.6a« "V 



BECTIFTCATION OF PLANE CURVES. 



219 



"^ ^J) VaF^^ a Jo ^a^^a^ 2a3j) Vo^^^ 



3e^ /*'^_o^dx 
2.6aVo V^^^ 



a^ 



For the indefinite integrals of the last three terms, see § 185, 
Examples 1, 2, and 7. Finding the definite integrals between 
the given limits, and adding the results, we have 

\^ 2^ 22.42 22.42. 6^ J 



4. Rectify the hypocyeloid a?! -|- yi = ai. 

5. Rectify the tractrix. 

The characteristic pro- 
perty of the tractrix is that 
the length of its tangent pt 
is constant. Denote this 
constant length by a ; and 
let o be the origin, oa being 
the tangent at a ; then, if 
PM=ds, — PN=dy, NM=c?a;, 
ET= Va2— y2 

TT ds TM. a 
Hence -—=^ = ; 



Ans. 6 a. 




Fig. 64. 



dy 



PN 



y 



also, -^ = ^ 

dx Va2 - 3^2 



(1) 



.".s = — aj — = a log ( - j, if s be measured from a. 

In this example we have found the length of a curve without 
knowing its equation. For the length of the catenary obtained 
in a similar way, see § 76, Ex. 8. 



196. To rectify a cui^e given by its polar equation. 

Since d^^p^dS^-^- dp\ § 136 (3) . 




dp. 
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Examples. 

1. Rectify the spiral of Archimedes, p = a0. 

Here ^ = i; .\8 = - Cia'-h o^Hdo. 
dp a aJ 

Hence, if s be measured from the pole, we have 

^^p(a^ + p')i g. p + V^+7'. §185, Ex. U. 
2a ' 2 ^ a 

This is equal to the arc of the parabola, y^=2ax^ intercepted 
between the vertex and the point whose ordinate equals p 
(§195, Ex.1). 

2. Rectify the logarithmic spiral p = a*. 

Here s:= C(l'i-rrv')kdp=^(l + m^)^p, 

in which m is the modulus of the system of logarithms whose 
base is a, and s is measured from the pole. 

3. Construct and rectify the cardioid p = a(l+ costf). 

L = 2 r[a2(l+ cos^)2 + a*«in2^]id^ 

Q C' 0dO Q 
= 8a I cos- — = 8a: 

Jo 2 2 

n 
since 2(1 + cos ^) = 4 cos*-« 

z 

t 

197. Examples in Quadrature of Plane Curves. The quadra- 
tare of a figure or surface is the finding of its area. For 
formulas, see § 66. 

1. Find the area of the circle 05^+ ^ = r*. 
Here area = 4 j (r^ — ar*)ida? 

= 4 p^-'^>^ +^8m-^^T=^. §185, Ex. 8. 



\. 
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For the segment between the lines x = a and a? = 6, we have 
area = 2 j (r^ — nc^)^ 



dx 



= by/r^ -T- b^ + r* sin~^- —a^r^ — a^— r^shi"*- • 

2. Find the area of one branch of the cj^cloid, 

x = r vers"^- — V2 ry --y^. 

Area = 2 C ^ ^^^ = 3 ttt^. § 185, Ex. 18. 

•^ y/2ry—y^ 

Hence the area of one branch is three times that of the gen- 
erating circle. 

3. Find the area of the tractrix. 



Here ^ = -^ . or cto= - "^^^ "" ^ dy. §195, Ex. 5. 

dx y/a^^f y 

.\z=: (ydx — — ( Va^ — fdy, 

.'. area = - 4 C\/a^ — fdy = iraK § 185, Ex. 8. 

Hence the whole area enclosed by the cm*ve is equal to the 
area of a circle whose radius is a. 

4. Find the whole area between the cissoid y^ = and 

its asymptote. 2«-» 

Ans. Zvar. 

5. Find the area between the lines a^y =^a^^ x^b^ x =.c, and 

be 

6. Find the area of both loops of the curve aV = cfVut^^Vx^. 

Ana. ^ab. 

7. Find the area of one loop of the cui*ve aV = iB*(a* — iB*) . 

Ans. I^a*. 
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■Of a 



y Us polar equation. 



point 



iiid di-aw 



curve ab refeired to the 
the polar axis ox. Take ttu—l, 
tlse area db and fr ; then, if db = dd, it is evi- 
dent that the seutor opr = dA, A representing 
the area traced by the radius vector. 
Hence 



Fig. SB. 

Or, let 1)0 ■■ 
Now OPE 



■.-■1 



= ^PK-OF 



■■■ Ae ; then k 



■'=Av, 



= ip^d$; 






< opp'< OHP', or 4^M < A^ <.(£±-^e)!. AS. 

AS -i de '1 V ^ 



Examples, 

1. Find the area of the first spire of the spiral of Arehimedes, 
p^a& \ also the area between the first spire and the second. 

Here A = i Cii'd'dB = ^a'^= J-p"*. 

(7 = 0, since, if the area be estimated from the pole, .^ = 
when (9 = 0. 

When i9= Stt, /3 = )', or the radius of the measuring circle; 
and A=-^Tn^. Hence the area of the first spire is one-third 
of the area of the measuring circle. 

WTienfl = 4x, p = 2n and^ = f7rr=. 

But, in the two revolutions, the area of the first spire has 
been traced twice ; hence the area between the first spire and 
the second is ^tri^ — ^Trr', or twice the ai-ea of the measuring 
circle. The area between the second spire and the third is four 
times the area of the meSburlog circle ; and so on. 

a. Find the area of Uie curve p = a 8ln3i9. 

The curve consists of three equal loops (Fig. 47). Heoce 
the area equals three times the area of the first loop. 

Ana. im^. 



QUADRATURE OP SURFACES OF REVOLUTION. 223 

3. Find the area of the lemniscate p^ = c? cos 2 0,* 

The integral between ^ = and ^ = Jtt is one-fourth of the 
whole area. ^ 2 

4. Find the area of the cardioid p=^a (cos ^ -f- 1 ) . 

Ans. f Tra^. 

199. Examples in Quadrature of Surfaces of Eevolution. For 

formulas, see § 68. 

1. Find the area of the surface of the prolate spheroid ; that 
is, of the surface traced by the revolution of the ellipse 

about the axis of x. 

Area = 2j[27r(l~e2)i(^2_aj2)iA^^^^ 

aJo \^ J 

= 4.e^ria.ff -a^Y+^sin-i^*"]* § 185, Ex.8. 
a\_ \^ J 2^ aJo 

irlr -\ sm ^e. 

e 

2. Find the area of the surface of the prolate spheroid whose 
generatrix is 9 y^ -|- 4 ar* = 36. 

3. Find the area of the surface generated by the revolution 
of the cycloid about its base. 

Area=2 r 2Tryds=4:wj 2/(1 + 37) ^V 

= 47rV2?'| y{2r — yY^dy - 

= 47rV2^[-f(4r+y)(2r-y)i]J'* §179, Ex.3. 
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4. Find the area of the surface generated by the catenary 
revolving about the axis of x, betweeo the limits aad b. 

Here S = 2irf yds = ^f (e^ + e"°)ds 

= iira£[e' + e~'}dx §76, Ex. 8. 

5. Find the area of the surface generated by the revolution 
of the tractrix about the axis of x. (See § 195, Ex. 5.) 

A71S. i^a". 

200. Examples in Cabatnre of Solids of Bevolntion. The 

cubature of a solid is the finding of its volume. For formulas 



1- Find the volume of the solid generated by the revolution 
of the cycloid about its baae. 

yiy 

•J2ry-f 

= 5jrV; §185, Ex.11 



that is, the volume is five-eighths of the circumscribed cylinder. 

2. Find the inclosed volume of the solid generated by the 
revolution of the parabola ■</ = ^px about the line x = a. 

Let MK bo the line x=a\ let6=AK[=V2po]; 

and let f be any point on the parabola ; then 

OH = X, and ha = a— a;. Now, if bc = dy, the 

volume generated by the revolution of bpdc 

about MK equals dV; 

.•.dV = ir(a-x)Hy; 

.■.volume =2a- j [a—^\ dy = ^irb<^. 
Jo \ 2p/ 

3. Find the volume of the solid generated by the revolution 
of the cissoid about its asymptote. Ana. itM. 
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4. Find the volume of the solid generated by the revolution 
of the tractrix about the axis of a. 

Since y = a when x= 0, and y = when a? = oo, and 



(f a? = — ^^— - — ^ dy ; 

y 



volume = 2 I ir't^dx = — 2^1 ywa^ — y^dy = f Tra*. 

201. The Calculus is often of great aid in deducing the equa- 
tions of curves. The equation of the catenary is obtained by 
its use in §76, Ex. 8. 

Examples. 
1. Find the equation of the tractrix. 



••" — J y ' 

.'.x=a log "^^"''"^^* - (a» - f)\, § 185, Ex. 13. 
0= 0, since »= when y= a. 

2. Find the equation of the curve whose subtangent is c. 

Here y — [=8ubt.] = c; 
dy 

.\dx = c — ; 

y 

/. a; = - log,y+ (7. 
m 

If c=^m^ and the curve pass through the point (0, 1), we 

have 1 

x^log^y. 

3. Find the equation of the curve whose subnormal is c times 
the square of its abscissa. Ana. y'^ica?+ G. 
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202. Infinitesimals and Infinites, A quantity bo email that its 
■value cauuot be espressed in terms of a finite iinit, is said to be 
ijijinilely small. 

An Infinitesimal is an infinitely small variable wbose limit is 
zero. For example, if y =f(x), Ax and Ay both become infini- 
tesimals as A3! = 0. Again, any variable, when near its limit, 
difCers from ite limit by an influitesimal. 

When we consider several related infinitesimals, we choose 
arbitrarily somo one of tbem as the principal infinitesimal, and 
adopt the following definitions : 

Any infinitesimal, the limit of whose ratio to the principal 
infinitesimal is finite, is an infinitemnal of the first order. 

Any infinitesimal, the limit of whose ratio to the sqnare of the 
principal infinitesimal is finite, is an infiniteaimal of the second 
order. 

Any infinitesimal, the limit of whose i-atio to the wth powet 
of the principal infinitesimal is finite, is an infiniteaimal <if the 
nth order. 

Hence, if c represent the principal infinitesimal, v,i, -Uji*, rji*, 
and v„ i" will represent respectively any infinitesimals of the first, 
second, third, and 7ith orders, in which tf,, v^, Va, and v, are 
variables having finite limits, from which they differ by infini- 
tesimals. According to this notation, ii = i, u = Tit, and a = %i' 
are read respectively, '■a = the principal infinitesimal," "a = an 
infinitesimal of the first order," and " a = an infinitesimal of the 
second order." 

A quantity so lat^e that its value cannot be expressed iu 
terms of a finite nnit, is said to be infinitely large. 
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An Infinite is an infinitely large variabre that increases with- 
out limit. Hence the reciprocals of infinitesimals are infinites, 
and the different orders of infinites may be represented by Wit~^, 
W2L~^, w^r^, etc., in which Wi, Wz^ w^^ etc., are variables having 
finite limits. 

The symbols and oo, or -, represent respectively absolute 

zero and absolute infinity, of which there are no orders. 

203. From the algebraic symbols for infinitesimals and infi- 
nites of different orders, the following principles are evident : 

1. The product of any infinitesimal and an infinite of the 
same order is a finite quantity ; thus, ,^21^ • W2r^ = V2W2. 

2. The order of the product of two or more infinitesimals is 
the sum of the orders of the factors ; thus, ViL'V2i? = ViV2t^* 

3. The order of the quotient of any two infinitesimals is the 
order of the dividend minus the order of the divisor ; thus, 

4. If the limit of the ratio of one infinitesimal to another is 

zero, the former is of a higher order than the latter ; thus, 

2 
limit — = limit— t = 0. 

204. Geometric ninstration of Infinitesimals of Different 
Orders. Let cab be a right angle inscribed in the semicircle 
CAB, BD a tangent at b, and ae a perpendicular to bd. From 
the similar triangles cab, bad, and aed, ^.d 
we have 

AD AB ^- V 

AB AC 

and . 5? = :^. (2) 

AD BC 




Fig. 67. 



Suppose A to approach b so that ab.= t. Since limit ab = 0, 
and limit ac = cb, from (1) we have 
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STH 



limit — = limit — = ; 

AB AC 

hence ad is an infinitesimal of a higher order than ab (§ 203, 4) . 
From (2) we have 

limit — = limit — = : 

AD BC 

hence de is an infinitesimal of a higher order than ad. 
Thus, when ab = t, ad = ^2^^? and de = v^l^. 

Examples. 

1 . If a = t, of what order is sin a ? 

Since ^i* r!!5^"|=l, sina = Vit (§202), 

and limit ^1 = 1. 

2. If a = t, of what order is tan a ? 

3. If a = t, of what order is 1 — cos a? 

Since ^fl P ~ J° °1 = |, 1 - cos a = t,,i« (§ 202) , 

and limit V2 = -J-. 

4. If a = t, show that sina— a=V3t*, and that a— tana=Vgt^ 

206. First rnndamental Principle of Infinitesimals. 

Let a — ^ = €, in which c is infinitely small in comparison with 
a or ^ ; then 

-=l+i, andlimit-^ = 0; • 



.'. limit ^ = limit 1 + ^ =1 



Hence, if the difference between two variables is infinitely small 
in comparison with either of them ^ the limit of their ratio is unity; 
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and, by § 135, eitJier of them may be substituted for the other in 
any problem concerning the limit of the ratio of two variables. 

For convenience of application, this principle may be stated 
as follows : 

In problems concerning the limit of the ratio of two variables, 

All infinitesimals of the higher orders may be dropped from 
sums of infinitesimals of different orders. 

All infinitesimals may be dropped from sums of finite quantities 
and infinitesimals. 

All finite quantities may be dropped from sums of infinites and 
finite quantities. 

Cor. If a = ^+€, limit^, or limit 1 + ^ L is unity only 

when € is infinitely small in comparison with p. 

Hence, conversely, if the limit of the ratio of two infinitesimals 
is unity, their difference is infinitely small in comparison with 
either, 

206. Eule for Differentiation. In this chapter we shall regard 
the increments of variables as infinitesimals. Since the differ- 
ence between a variable and its limit is an infinitesimal, and 
since 

limit I -^ '-'•'(a) ; 



limit r%"l— /"r 



.•.^=/'(aj) + €, orAy=/'(a:)Aaj + €Aaj, (1) 

in which c is an infinitesimal. 

Now * dy^f{x)dx. (2) 

The value of dx being arbitrary, for convenience we shall, in 
this chapter, suppose it to be equal to Aa;. 

From (1) and (2) it follows that, if da; = Aa; = t, dy and Ay 
are infinitesimals whose difference is infinitely small in compari- 
son with either, and therefore, in differentiating, dy may be 
substituted for Ay (§ 205) . 
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From these considerations we have the foUovring simple mle 

for differentiating any function : 

Find the increment of tlie function in terms of the increments 
of its variahles, apply the principles of § 205, afui in the terms 
remaining replace the increments by differentials. 
Thus, to differentiate a?, let y = a? ; then 
iy = 3 arAx + Sxl^Axy + {Ax)^ 
Hence, by the rule, 
dy = S ie'dx. 

Kem. We do not drop the infiniteaimals of the higher orders, 

because they are nothing, or comparatively nothing, when added 
to an infinitesimal of the first order, but because we know that 
they do not appear in the limit of the ratio sought. Thus the 
method of limits la the baais of the method of infinitesimals, the 
difference being that in the latter we use infinitesimal differen- 
tials, and a quantity is dropped as soon as it appears, when it is 
known that it will vanish in passing to tlie limit eotigbt. Any 
differential equation obtained by the infinitesimal method most 
evidently be true when the differentials are regarded as finite. 



Examples. 

1. Differentiate !(= xy. 

Here Au = yAx-\-xAy + AxAy\ .'.dii. = ydx + xdy. 

2. Differentiate u — — 

y 

_ ydx — xdy _ 



Here 

3, Differentiate 1/ = 



_ yAx — xAy . . ^,j_,y 
li'+yAy ' "" 



n Ax — (1 — cos Ayjsin x 
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for, when Aa; = t, Ao? = sin Aa; + 'y2t^(§ 48, Cor., and § 205, Cor.), 
and 1 — cos Aa; = v^^ (§ 204, Ex. 3) . 

,\dxi = cos ojda;. 

4. Find the differential of any plane curve. ^ 

Let As, or arc pp' in Fig. 58, be t ; then 

As = chord pp'-|- '^2^ § 48. 




= VAcc^ + Ay^ + Vat^ ; 

.*. ds = V5yM-^^» 

5. Find the differential of the area between a curve and the 
axis of X, 

Let Aa, or ab in Fig. 58, be t ; then, since area pdp'< tkX^t^y^ 
bkZ = area abp'p = y Aoj + Vjt^ ; 

207. Second Fundamental Principle of Infinitesimals. Let 
<^i9 ^2) <^s) ***9 ^ ^6 ^°y infinitesimals so related that, as n 
increases, 

limit [tti + 02 + ttg + • • • + a„] = c ; 



and let )9i, ^29 ^zt *** i^n ^^ ^^J other infinitesimals, such that 

..., ^»=l + c,, (1) 



^^==1+C„^^=1+C2, 



tti 



Og 



in which ci, €2, •••, €„ are infinitesimals. 

Clearing equations (1) of fractions, adding, etc., we obtain 
A + AH f-^» — (ai + oaH f-On) 

= «! €1+02^2 -I httn^n- 

Let 8, a positive infinitesimal, be greater in absolute value 
than any of the infinitesimals ci, €2, •••,€„ ; then we have numeri- 
cally, 

• (A + )82+-+)8n)-(ai + a2+.-+a,) 
<S(ai-f QgH |-a»)« 
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But, since limit 8 = 0, and limit {qi + oj + •■■ + ii„) = c, 

limit [8 («! + ij -f \- Q„)] = 0. 

Whence limit [^a. + ftH 1-/3^]= limit [ni + oaH h«.]- 

Hence, if the difference between two inJinUesimals is an tnjini- 
tesPnud of a higher order, either truij be aubstiluted for the other 
in any problem concerning the limit of the sum of injinitesimaiis, 
pivuided this limit is finite. 



Cor. If - = 1 + .„ — = 

a, (ij 

and u. + QsH !-"„■ 

then limit [ft + ft + • 



3 + «5, 



■+w = 



= 1 + ^, 



206. Integration as a StunmatioiL Let z repreeent the area 
between the curve ovv and tiie axis of x, and let ua seek the 
area of the portion obd. At the several 
values of cc, as, 0, oa, oa', and oa", let 
oa = aa' = a'a" = a"B = ia; = ctr ; 
then tbe corresponding values of dz are 
0, OFba', a'p'b'a", aod a"p"6"B, while those 
^of iizareopo. opp'a', ct'p'p'V, and a"p"DB, 
whose sum equals obd. Let the divisions 
become infinitesiiualB, but iDcrease in number so 
will continually equal ob ; then Az and dz both 
; and, since opd, pp'6, etc., is each less 
= Vii'. Therefore the limit 6f the sum 
s equal to the sum of the values of Az 
aud the symbol J Az repre- 




Flg. u. 
oa, cut', etc.. 
that their sum will coi 
become infinitesimals 
than ia; • Ay, Az — d: 
of the values of dx 
(S 207, Cor.). Hence, if 
sent the sum of the values of Az corresponding to the different 
values of x between and a;', we have 

areaoBD= S-i^^liiJit % dz = Umit %ydx. 



■■•I'*"-'' 
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Hence, when differentials are infinitesimal, inlegration may 
be viewed aa tJie summation of an infinite series of infinitesimais. 

209. Centre of Gravity. The centre of gravity of a body is a 
point BO situated that, if it be supported, tlie body will remain at 
rest in whatever position it may he placed. Ad element of any' 
quantity or magnitude ie an infinitely small portion of it. The 
product of the weight of a body by the distance of its centre of 
gravity from a given plane is called the moment of the body with 
respect to that plane. The moment of a body is the sum of the 
moments of its elements. Hence the distance of the centre of 
gravity of a body from a given plane equals the sum of the 
moments of its elements divided by the weight of the body. 
The bodies here considered are supposed to be of uniform den- 
sity ; hence their weights are proportional to their volumes. 

The advantage aometimes gained by viewing integration as a 
summation is illustrated in deducing formulas for finding the 
centre of gravity. 

210. To find the centre of gravity of any plane surface. Let 
(x, y) be any point on the curve Opk referred to the a 
and OY, and let x^ and y^ represent respec- 
tively the distances of the centre of gravity of 
any portion of the sui'face xojt fi-om the planes 
oy and ox, which planes are perpendicular to 
that of the figure. The differential of the 
area xoii \sydx : now, if (ic= ab= i, yds; will a » 
differ from abp'p, the corresponding element *' 

of this area, by Uac"; and the distance of the centre of gravity 
of this element from the plane or will differ from x byDii; 
hence xydx will differ from the moment of this element with 
respect to the plane or, by Vji'. Therefore, between x^a and 
IE = b, the sum of the momenle of the elements 




= limit 2"^*"= I sByic 



-X"^ 
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Again, the centre of gravity of ydx is evidently ^y from the 
plane ox ; hence ^yhlx will differ from the moment of the cor- 
responding element with respect to the plane ox, by Vzi?* Hence, 
between a = a and x=b, the sum of the moments of the ele- 
ments = i I y^dx ; 

'fdx I y^dx 

area T* , 

\ydx 

If the curve be symmetrical with respect to ox, sc^ is evidently 
the same for the whole area as for the half, and y^ is zero. 

211. To find the centre of gravity of any plane curve. Let 
(iCo, ^o) t>e the centre of gravity of any arc of a plane curve 
whose length is represented by s. Now, when ci5 = t, xds dif- 
fers from the moment of the corresponding element of the curve, 
with respect to the plane oy (Fig. 60), by v^i^- Hence, between 
0? = a and x = h^ the sum of the moments of the elements 



= I xds^ 



and ixds 

x,^^ 

s 

In like manner, we obtain 

[yds 

212. To find the centre of gravity of a solid of revolution. 
The differential of a solid of revolution whose axis is the axis 
of », is iry^dx; hence, if dx = i., trx^dx will differ from the 
moment of the corresponding element of the solid, with respect 
to the plane oy, by v^i^ ; and therefore, between a? = a and a;= 6, 
the sum of the moments of the elements 



= I irxifdx. 
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Yolume r^^ 



As the centre of gravity must evidently be on the axis of revo- 
lution, the formula given above entirely determines it. 



Examples. 

1. Determine the centre of gravity of a circular arc bad. 

Let the extremity d be (x'^y'). 

Here y^=2rx--a^; y d 

, (r—x)dx 
.\dy= \ ^ ; 

V2raj — ar 

rdx 



/. ds = -y/da^ + dy^ = 



• • AJB — X(\ — 



8 Jo. 



I xds 



xdx 



•\/2rx—ix^ 







V2ra? — iB^ s 
ry' 



= Ll-'\/2rx'-x'^ + s'] 



XT ^'V' ^ chord BD 
Hence ce = r — ae = -^ = . 

s arc bad 

2. Find the centre of gravity of a segment of a circle. 
Using the equation of the circle referred to its centre, we have 



Xi 



xydx \ (r^—ii^)hxdx 
area area 

area 



A It* 

.lfa = 0, and6 = r, then area = j7rr^, and we have ajo = — 
when the segment is a semicircle. ^ 
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3. Find the centre of gravity of a parabolic area. 

Ana. Xt = ^x'. 

4. Find the centre of gravity of a right cone. 
Here y = ase, and volume = iirifie ; 



ir i xj^dx IT I aVdx 



volume JiMtV 

that is, the distance of the centre of gravity ftom the vertex is 
three-fourths of the axis. 

5. Find Uie centre of gravity of a segment of a prolate 



spheroid. 



Ans. x„ = 



^(}a«"-i.") 



volume 
■Whena^=a, ai, = |a. 
Casyda 

6. Prove that x.=''^ is the formula for finding the cen- 

Jyds 

tre of gravity of any surface of revolution. 
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